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CHAPTER 1. INTRODUCTION

In a fluid, the steady state transport (flux) of mass,
linear momentum and kinetic energy is known to be related
to gradients in concentration (for mixtures), velocity and
temperature if the gradients are not too large. The linear
phenomenological coefficients relating the fluxes to the
gradients are known as transpdrt coefficients. In general
the fluxes act to dissipate the gradients. The elementary
mechanism of this drive toward uniformity is that an aver-
age particle carries properties determined by the local
equilibrium at the beginning of its mean free path to the
end. Particle collisions regulate the flux by determining
the mean free path length. Hence it is apparent that the
events and, therefore, by the intermolecular potential.

Brush (1), in a survey, points out the hope which
existed at one time that an interaction potential derived
from transport properties would be of a universal form
governing all molecular interactions. This universal po-
tential was envisioned by Newton (2) as a microscopic analog
of the gravitational potential. However, experimental evi-
dence from transport and other properties has accrued to
demonstrate the impossibility of such a universality at

such a relatively simple level. In the modern view inter-



molecular potentials can be computed from wave mechanics.
Since transport properties are of primary concern to us,
we do not search for universality but confine ourselves to
the study and prediction of only these properties. In the
process we use the simplest interaction model which cor-
responds closely enough to reality to accomplish the task
at hand.

An exact analysis of transport phenomena in a gas be-
gins with the fact that any flux J, of a property p at a

macroscopic point in a dilute gas can be written as

Jp= S Plge-yN)7 (1.1)

where ¢ is the velocity of a particle in the system, u is
the streaming velocity at the point, and <a> signifies an
average of the value of a over all molecules at that point.
It is necessary in applying Equation 1.1 to have a func-
tional form for the distribution of molecules with respect

to position, linear momentum and internal states. Assum-

ing molecules ©
and using classical mechanics, Boltzmann (3) derived a
closed integrodifferential equation for this distribution
function. Chapman (4) and Enskog (5) independently obtained
a particular (normal) solution to Boltzmann's equation by a
judicious expansion of the singlet distribution function in

a series whose gzeroth order term is the local equilibrium



singlet distribution function and whose higher order terms
describe distortions from equilibrium which are due to
gradients in the macroscopic field.

The significance of this normal solution can be seen
by considering a system in some arbitrary distribution.
If the environment of the system is uniform, the system
relaxes, within a time of the order of the inverse of the
collision frequency, to its normal state which is described
by the Maxwell-Boltzmann equilibrium distribution function.
If the environment is nonuniform, the system relaxes, also
within a time of the order of the inverse of the collision
frequency, to a normal state which is characterized by
molecular migration which tends to dissipate spatial non-
uniformity. This dissipation is modulated by collision
processes which tend to maintain a local Maxwell-Boltzmann
distribution. The normal state is that described by the
Chapman-Enskog normal solution.

The Chapman-Enskog method leads to expressions for the

e vron + b ot el
transpert preperties

e

n termg of collision integrals, which
are various averages of the collision cross section. They
are dependent on the collision interaction model. We will
use a modified form of the Boltzmann equation, with the
Chapman-Enskog solution, to analyze experiments for which

the internal structure of the molecules is important.

The first such phenomenon which we analyze is the
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élteration of thermal conductivity (relating energy flux to
the temperature gradient) and viscosity (relating linear
momentum flux to the streaming velocity gradient) of a
diamagnetic diatomic or polyztomic gas by the action of

an applied magnetic field. These phénomena are referred

to as Senftleben-Beenakker effects after Senftleben (6),
who discovered the magnetic field effect on the thermal
conductivity of a2 paramagnetic gas (02), and Reengkker (7),
who initially found this effect in viscosity of diamagnetic
diatomic gases (N2 and CO). For diamagnetic molecules
(which is the case we study) there is a small net magnetic
moment, due to molecular {umbling, which precesses about
the field. This precession causes an increase in the col-
lision cross section and hence a decrease in the transport
coefficients. Much of the experimental work on the
Senftleben-Beenakker effect has been reviewed in articles
by Beenakker (8, 9). The particular Senftleben-Beenakker
effect measurements of concern in this work are contained
in References 10-13. The reason that internal structure is
important in this case is that the field partially destroys
an anisotropy in the angular momentum distribution which
affects the transport properties. This anisotropy is caused
by macroscopic field gradients; it cannot be produced if
the molecules do not have internal structure and hence do

not suffer nonspherical collisions.



The second phenomena we study is thermal diffusion in
isotopic binary mixtures of CO. The thermal diffusion co-
efficient is the factor of proportionality between the flux
of mass and the temperature gradient. There is no simple
picture for thermal diffusion because it depends on the
mean free path of both the thermal conductivity and the
diffusion processes. Cowling (1%) has given a lengthy
“elementary! interpretation of thermal diffusicn. The
measurements we use were made by Boersma-Klein and deVries
(15) over a temperature range for which this property in-
verts (i.e., the direction of the mass flux along the
gradient is reversed) for allmixtures studied. The reason
that internal structure is important in this case is that
the effect is observed in mixtures whose components have
the same total mass but unequal mass distribution.

The effect of translational degrees of freedom on
transport can be dealt within the scope of a2 classical
theory (i.e., the Boltzmann equation). The effect of
rotational degrees of freedom on transport is gquantum
mechanical in origin (for which a new formulation is neces-
sary) but can be treated approximately in the classical
limit. The vibrational degrees of freedom are not important
in transport at ordinary temperatures because vibrational
spacing is large compared to RT (where % is Boltzmann's
constant and T is the local temperature). Thus nonspherical




mocdels with rotational structure are sufficient to account
for the important effects in the cases we study.

The first attempts to formulate a quantum mechanical
kinetic equation were made for spherical models (16). 1In
this work a quantum mechanical cross section was substi-
tuted for the classical mechanical cross section in the
Boltzmann equation. In the same way Wang-Chang and
Unlenbeck (17) extended the Bolizmann eguation for molecules
with rotational degrees of freedom. In the latter case,
the equation is merely an extension beyond the classical
1limit and does not rigorously follow from quantum mechanics.
Waldmann (18) and Snider (19) have derived a rigorous
quantum mechanical generalization of the Boltzmann equa-
tion which proverly takes into account rotational structure.
McCourt and Snider (20, 21) have shown how the Waldmann-
Snider equation can be applied to the analysis of the
Senftleben-Beenakker effects.

Although the quantum mechanical generalization of
transport theory has been made, we use a classical theory.
The advantage of this latter theory is that it reproduces
the major features of the experiments studied and it is
still relatively easy to apply. As a starting point for
the classical approach, a generalized Boltzmann equation
for molecules with internal states is needed. The first

modification of the Boltzman equation in this direction



was made by Pidduck (22) for the rough sphere model (rough
spheres are rigid spheres which collide without slipping).
Although this model has collisionally active rotational
degrees of freedom, it is unrealistic in that the molecular
forces énd tofques are not determined solely from the
molecular configuration. Curtiss (23), in his originai
attempt to develop a general classical theory to account
for orientation dependence of the interaction potential,
did not allow for the nonequilibrium distortion of the
distribution function to contain any anisotropy in the
angular momentum. As a consequence no Senftleben-Beenakker
effects are predicted. Kagan and Afanas'ev (24) were the
first to correct this restriction of Curtiss. Since then
many contribntors have improved the derivation of exten-
sions of the Boltzmann equation and have refined their ap-
plication (see, for instance, the review by Dahler and
Hoffman (25)). We use the formulation of one of the more
recent of these works by Hoffman and Dahler (26).

Rigid, classical, convex bodies of revolution have
been applied as models to the calculation of the Senftleben-
Beenakker effect. Klein et al. (27) have used rough spheres
as a molecular model and lcaded spherocylinders (28) (a cyl-
inder whose flat ends are replaced by hemispherical caps of
the same radius as the cylinder) to model linear molecules.

The latter model was a substantial improvement for linear



molecules. Cooper and Hoffman (29) have found the loaded
rigid ellipsoid to be a more versatile model for linear
molecules.

The classical model used by Sandler and Dahler (30)
to calculate thermal diffusion in a DZ-HD mixture was the
loaded rigid sphere. Fof the same phenomenon in binary
mixtures of CO isotopes, Matzen et al. (31) have applied a
rigid ellipsoid model. Rigid modelis were found tc fit
these data fairly well at a single high temperature but
could not correctly predict the temperature dependence.

Though we apply classical, nonspherical col-
lision models to transport analysis, other methods have
been used in regard to the same phenomena. Kohler (32)
has verformed a guantum mechanical model calculation of
Senftleben-Beenakker effects using the distorted Born
wave approximation. The collision model used was that of
two ellipsoids which are repelled by a constant force when
they touch or overlap but do not otherwise interact. A
second method is that of a classical trajectory calcuiation
in which collisions are simulated for all conditions by
computer instead of being solved analytically. In this
manner van de Ree and Scholtes (332) have calculated dif-
fusion and thermal diffusion in HD-D2 using a loaded soft
sphere model for HD and a central scft mcdel for D2° Malone

(in Reference 33b) has also done trajectory calculations




on HD.

In Chapter 2 we review the derivation of the non-

 spherical Boltzmann equation as given in Reference 26.
In Chapter 3 we review the Chapman-Enskog solution as
given for the caée of the Senftleben-Beenakker effect in
Reference 29 and for the case of thermal diffusion in
isotopic binary mixtures in Reference 31. The Onsager-
asimer relations are also proven within the context of

this formulation.

In order to apply a model in the Chapman-Enskog method,
one always has to evaluate collision integrals. The prob-
lems in doing this are first to derive a form for the col-
lision cross section and second to perform the integrations
over colliding ﬁarticles' momenta and orientations. In
Chapter 4 we give forms for the cross section for both soft
spheres and rigid ovaloids. We generalize these results by
approximating the form of a generalized cross section for a
nonspherical soft model to include attributes of the two
iimiting cases of soft spheres and rigid ovalcids. The as-
sumed form of the generalized cross section can be related
to a Kihara (34%) type collision model for which the mole-
cules are assumed to possess generally shaped cores which
interact through a soft potential. This potential is de-
termined by the shortest distance between the cores. The

significance of the cores is that when they touch the
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potential is zero. Hoffman (35) has shown for rigid ovaloid
models how the momentum integrations of the collision in-
tegrals can be performed. We apply this method to the
momentum integrations for the general soft model. We also
extend this work on rigid convex models to derive a more
convenient form for the results of the momentum integra-
tions.

In Chapter 5 we show the details and results of the
application of a rigid convex model to the calculation of
the Senftleben-Beenakker effect on CX, molecules. The
separation of the integrand in order to facilitate the
orientation integrations is given. The parameters of the
model are 6ptimized and the resulting fits of the data are
found to be comparable to those of Cobper and Hoffman (29)
on linear molecules.

In Chanter 6 we show the results of the application of
the soft ellipsoidal model to the phenomenon of thermal dif-
fusion in binary isotopic mixtures of CO. The parameters
of the model can be chosen to
ture of the data (15). Using the same parameters, thermal
conductivity of pure CO is matched exactly and isotopic

binary diffusion is matched fairly well.
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CHAPTER 2. DERIVATION OF THE BOLTZMANN EQUATION

Hoffman and Dahler (26) have derived a Boltémann equa-
tion for classical particles with translational and rota-
tional degrees of freedom. What appears here is an expanded
version of that treatment. It is included here for com-
pleteness.

For simplicity we consider a system containing a sin-
gle species. We define a 12-N dimensional phase space whose
points specify the linear and angular coordinates of posi-
tion and momentum of the N particles in the system. For
each particle,t¢ , X% specifies the position of the center
of mass, p, is the momentum conjugate to ¥, «; is the set
of Bulerian angles of orientation of the particle and %i

is the momentum conjugate to o . We now consider a repre-
sentative ensemble of the system and define D as the density
function describing the distribution of the ensemble systems
in phase space. This distribution function is normalized

to unity over all phase space and is symmetric in all par-
ticles of a systém. Within a differential volume in phase
space at a given time there are phase points of systems in
the ensemble. It is a standard result from classical
mechanics that a volume of phase space does not change in

size as it evolves in time. (See, for instance, Goldstein

{(36)). Since the number of systems under consideration
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also does not change, the ensemble distribution function
does not change along the trajectory of the differential

volume, i.e.

¥ dx: . 3D 4@ 3p . dsx
4D _ 3 5. 9D 4% , 9D €. , 20 -
dt 3% T & L Jxi 4t dp at du:  d€
RTINS RN (2.1)

The Hamiltonian of an N particle system is given by

@ 2 (2Lt
H =Z (?;;*Hb +1

P

ST

N -
& Ny (2.2)
x-l

1

where m; is the mass of particle ¢, H:n is the rotational
kinetic energy contribution to the Hamiltonian of particle
¢ and \hi is the interaction potential between particle ¢
and particle j. We assume in Equation 2.2 that the forces
between particles are pairwise additive. USing Hamilton's

equations we can write that

2., [ D,RT] =o (2.3)

3

where the bracketed quantity, called the Poisson bracket,
is given by

{w
WDy % ap au® . ad, 30, 3T, 90 ;——\ 2.
[ D»H }-‘z_-.()gi 3_5;* s-;~ ;_):4" ;EL dxl 3}(. a!-; . ( )
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The expression in Equation 2.3 is the usual form of the
Liouville theorem.
We can define a set of distribution functions for any

n («N) particles of the system as follows:

Sz o §dYa §dYan o faY,. D (2.5)

where dY;=dycdp; 4xid): and the factorials arise from the
indistinguishability of particles. The quantity defined by
Equation 2.5 is a function of the positions, orientations
and momenta of n particles and gives the probability density
of finding any n particle subset of the total number with
these coordinates and momenta. If one performs the inte-

grations of Equation 2.5 on both sides of Equation 2.3,

the result 1s

[ %4

J_j_,\_ < L‘,,H‘M Z g LA {) A Faey __\1 N\)+ 3_;;, (‘.\“ %ﬁ,n«u)

.

(e g ()

This set of equations is called the BBGKY coupled hierarchy
of equations. As a practical matter, it is impossible to
solve for D from Equation 2.3 and to hence find f$....%u.. -
- 5, from Equation 2.5. Instead, by using approximations

appropriate to a dilute gas, we derive the Boltzmann
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equation, which is a closed equation for $, , the singlet
distribution function.

As 0'Toole and Dahler (37) point out, the singlet
distribution function which appears in the Boltzmann equa-
tion does not include particles which are in the process
of collision. In order to define when a collision is oc-
curring, we construct a geometrical convex surface, <; ,
about the center of mass of particle t¢ such that it exceeds
the range of the intermolecular forces. Whenever the center
of mass of any particle § crosses <, we consider it as
having entered into collision with ¢(. The singlet distri-
bution function,'q , appropriate to isolated particles
(i.e., those not in collision) can be written by Equation

2.5 as

$ (1= N S&!=~~~§&Y» (ﬁ gsi\i) (2.7)

where ;”i is zero whenever the center of mass of 4 lies
within % but is unity otherwise. The dependence of

on the wvariables of body 1 is indicated explicitly. The
integral transform which is applied to D in Equation 2.7

can be applied to the Liouville theorem with the result that

%4
o

~ o Ry
25 N (ay, - Ry, ?—; g, L0, Znuls

N ..
~alNes
o
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(XY

- (e \ p b (208)
Nl fayg N, Gy 0,52 £ N
where W, z{g) » ol . Using the fact that the

particles are indistinguishable and integrating by

parts, we can write Equation 2.8 as

> & ~
2+ LS, n1- (ay, T 1 2y [ £, Vg baa ]

L

-N SA\!Q... gd\lq *\;:1

t

M)
g, L0352 2 v 1

] 3

wraz

L

(2.9)

where f; is the distribution function for pairs of parti-
cles, one of which is isolated as described above. This

function is given by

The nonzero domains of §&,, and Vt'a do not overlap. The

right hand side of Equation 2.9 is therefore zero and we

have that

~” o~ ~

as%cg + U5 ), v T =08 1y (2.11)
where

»”

o ;1 (4} = §AY1 .{a (L,2) L g"t , Wy ol (2.12)

*
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The implication of Equation 2.11 is that the collisional
rate of change of the singlet distribution function of free
particles is equal to the difference between the rate that
pairs of particles involved in isolated binary collisions

disengage by particle a passing outwardly through o, and

the rate that isolated particles engage by particle 2
passing inwardly through o

12 ¢

The description of the convex surface o,

in terms of its supporting function, h (see Appendix A).

can be given

The surface may be scaled by multiplying h by a scaling
factor,p , wherever it appears in Appendix A. Specifically,
the differential surface area of the scaled surface is

(dei where § is the ratio of the area on the original
surface corresponding to a unit solid angle of the surface
normal A&. The position of the center of mass of body 2
with respect to the center of mass of body 1 can be speci-
fied by giving the instantaneous g value for the scaled
surface on which the center of mass of body 2 lies and x

at that point. Thus the differential volume, 24¢., for the

position vector of 2 is given by

dy, = prh Sdpak (2.13)

The scaling parameter is unity at the instant that particle

2 passes through ¢, . We can use this fact to write &,
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in the form

ag‘g‘: :l(e-l\ (2-1)'4')

where® is the unit step function whose discontinuity occurs
at p-1 «. The time derivative of the step function is the
delta function. Explicitly taking the time derivative of
E,,» Wwe obtain that

d&,, - S cp- :
< P . (2.15)

When Equations 2.13 and 2.15 are substituted into Equation
2.12, we have that

), 2(1_\: 5 5, )= fda ak Sph 5};(;_3) (2.16)

where di = d%.dg;A%;. In this equation the first equality
~

results from the fact that the difference between 4, and

§l can be dropped for dilute gases in which permanently

bound molecular pairs do not exist to an appreciable extent.
Up to this point, what we have done . has been rigorous.

Now it is convenient to make the first of three assumptions

which are based on Bogoliubov's (38) description of the ap-

proach to equilibrium. Briefly this view concerns three

time scales: the time scale appropriate to a time of the

duration of a single collision, %, , when all of the $

n

(n>1) Dbecome functionals of §, (which does not change on
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this time scale); the time scale appropriate to a time,

Te, during which a particle travels between collisions and
local equilibrium is established; and the time scale ap-
propriate to a time, Y., during which macroscopic changes
occur and establish equilibrium. It is then reasonable to
assume that $1 is independent of events which occur on
the 7. time scale and the \f’;-:\1 ?,-“_\ Y= length scale. A
consequence of this assumption is that we can choose an
arbitrary shape for o,, ; a sphere is most convenient.

For spheres h 1is a constant and

- 91 9\ ,A
Fh® 5 = )k . (2.17)

The differential surface area of the spherical surface,

q,

_ fa N . - -
4q 9 Of radius R is R 4% . We can then rewrite Equa-
&=

tion 2.11 using Equation 2.16 to obtain

9f, (&
;1f 2NN L g, () JHyy 1 =

R {a fak (Z-2)-% Lan (2.18)

For any relative velocity of the centers of mass of
the two particles, the sphere ¢, can be divided into pre-

collision and postcollision regions. When we separate the

A
integration over 4% into these regions, Equation 2.18
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becomes

O 5 (1)= R (a2 {4k (¥ (.- %‘ﬁ'i\

¢ 2 AT AW

a1y ,§;§‘+Q§’g~,t)mst-1((;‘_ 7“:) &3

~ Vad

;1()-(1»3.’ }1‘2&:%.)t\)ef¢ ] (2019)

where ¥ (x) = X 'rl(x) and the ¥“pre® and *post® subscripts
indicate on which hemisphere the variables of 14 and &
are evaluated. By changing the variable of integration
% to -k in the precollision term of Equation 2.19, we

obtain

I ¥ (1= R>(d2 S‘ai vy ((%,' fn‘:,\'i3

r——
4’\\
-~
I3
[} o
W
+
X
»?
X
(‘.
-
”
(-4
w
‘Q-

MThAa ansa~AnA mmndiAn 5 +hat +ha Anl1ls
i WO LA aSSu&urva.v;a .n.s WVidte W WMAANS e o b e - [

lated binary events. This means that corresponding to
every postcollisional state (%, 1, x+®f% . 2;4)..,¢

there is a unique precollisional (starred) state

(x¥ &, ar&* 1), from which that postcollisional

= )
<~ A
state evolves. We can then replace %, (X, 1:¥%+Rk,2 ;4D gt

2

X

with %, (x* %l +r&" &, t-%) in Equation 2.19. The
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third assumption is that of molecular chaos; that is, on
the precollision hemisphere there is no correlation of
states of colliding molecules. Thus we can factor

;;( X,, 1 %40k j2,1),, into f ) § 3} . TUpon applica-

b

tion of all three assumptions on Equation 2.20, we have

that

o ;1. (1) = R* gAE %d% ‘6((2'-;;- %\Ez}

L§ &(g\-&(‘g‘\ SNCRN (2.21)

Both sides of Equation 2.21 may be multiplied by
$c1-1*y §«2’- 2*) and integrated over the variables ¢ and

2" to yield

s 1) = RY(ag far (a2 (ak 2 ((B-% VY Sgety

Scata™y [ 5 §ay-f o ERN (2.22)

wnere the primed states T e
and S i*ye Sewl-ady §ep iy S (-,

We can change from a postcollision hemisphere of radius

k3

12
R to a cylinder whose axis is mounted along + - T, . The

~Ma
head of the cylinder is mounted at a distance R” from the
center of molecule 2 and is called the postcollision im-

pact plane which is specified by the impact parameter b .
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In terms of the impact plane Equation 2.22 can be rewritten

as

o 5, (1= {4y fda’ gdg ga'b \’;r:,_- gé'x \ § (- 1%)

Sca-a*) e s a-fayf,a)l (2.23)

where‘all the variables are evaluated at R”. This is not
yet the desired form of the Boltzmann equation. In order
to proceed, we must define and investigate the properties
of the specific transition rate.

The specific transition rate, w_<(11R\2'2'R) , is
the rate (per unit concentration of reactant states and

per unit extension in the phase space of the final states)

o ‘_“‘ 1\. - & -‘pl»d\\ -
of the binary collisicon process 172 (RV—

-

~\ - L -
1 (RY in the

(1 2d

presence of an external field F . The functional form of
W. has certain restrictions. The transition rate exhibits
Galilean invariance and hence can only depend on the vel-
ocity of the center of mass and the pre and postcollision
relative linear velocities between the two colliding
particles. Conservation of linear momentum of the center
of mass in collision requires that W be proportional to
§$(G-6') where G= ‘F**®)/tm,+m,y | Conservation of

energy requires that w. be proportional to $(E-E")

where E 1is the total energy of the pair.
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From the properties of classical collisions, the ac-
tions of the time reversal operator, T , and the parity -
reversal operator, ¢ , on the collision situation lead

respectively to the following conditions on W, :

W, (1 2R 1Y a'R) =W

= Pe

(81 Pary P4 P2'R) (2.24)

and

we (1 2RV 2R E W (T Ty R4 Taw) (2.25)

An additional important property of w, , proved in Appendix

B, is that of bilateral normalization

{ a V\i'._l:‘\:");"gll‘ Q_Q\) (2-26)

In order to get an explicit form for W., we consider
a steady state scattering experiment in which one has a
uniform unit density beam of particles in state A col-
liding with a similar beam of particies in state % . It
is specified that the particles have only the single iso-
lated binary collision. The type 1’ particles have an

. observational sphere around them and the postcollision im-

pact plane can be designated in the usual way. The ensemble
density associated with this experiment, Z, is the solution

to the two particle Liouville theorem, LZ , " }- ¢ , and
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satisfies the boundary condition Z=¢ (1-y\ §(2-32")Y omn
the precollision impact plane and Z =§ (1'-1*) $(2'- 1_‘)

on the postcollision impact plane. By the definitions of
specific transition rate, ensemble density and steady state

scattering experiment, we can express W, as
& ¢ ’ 3 - kS 93- £ S
N (12RO RY = (At 12 2
Sc1- 1Y Saar-aty (2.27)
which is recognized as a portion of Equation 2.23. By sub-

stitution of Equation 2.27 into Equation 2.23, we can write

Equation 2.18 as

»
Q
P
-
-
~
-
~’
1
-
L
"
-
o
[
~
——
S
1
PN
S
"
b3
~
¥
)
x5
I
"
A

"

Lo ay- fand, an] (2.28)

The orientations of the particles typically change at
a rate much faster than 7. . We have assumed that § g\
is independent of such events. Therefore Equation 2.28 can

be integrated over «, to obtain

3‘1 (;) : - T - - g - g - = T,
= + f?icg\.Hi1.} 844 43° 147 wW_ (11211 ;)

(§, ay §,¢2y- 5,4 §,3V] (2.29)



.

where di=dyp; a%; ’

n..~ —‘A_ Sdg_c-. H:-i. a.n.d
t

..

(2.30)

The expression of Equation 2.29 is the desired form of the

Boltzmann equation.
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CHAPTER 3. LINEAR PHENOMENOLOGICAL DESCRIPTION OF THE FLUID

The form of the Boltzmann equation given in Equation
2.29 can be generalized easily at this point to cover the
situation in mixtures. In this case, the right hand side
of Equation 2.29 becomes an expression for the time rate
of change along a phase trajectory of f{, where the
second subscript ( refers to the species. On the left
hand side one must account for the collisional change in
f,, caused by collisions with all species. Thus the

Boltzmann equation for a mixture is

0F. D) | F, G)Y,
it d«

Lo S0 P00 Gy may %
3 t 1 . <
=1

ovs

i

A

where fﬂf is the body force per unit mass acting on the
center of mass of ¢ species molecules, L. is the angular
momentum vector of body 1 and X, dy«¥% is the torque of the
applied field # on the ¢ species molecules whose orienta-
tion averaged moment at constant L. 1is &, .

The Chapman-Enskog normal solution to the Boltzmann

il
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equation derives from consideration of the relative magni-
tudes of the terms in that equation. Using the transformed

left hand side above, we rearrange Equation 3.1 as

o £, (1) 3—_-?-“(1) 5 +;§u<x) f“ _ _;_—&,Lci)
it %,y —S: - ;):-'l

L g, ® £, @) 5,09 5, a0 ] (3.2)

We now assume that the gradients and the body forces are

small. By dimensional analysis, Hoffman and Dahler (26)

show that the terms of the left hand side of Equation 3.2
are of the same magnitude but they are all much smaller

than the terms on the right hand side (for possible large
values of the applied field strength). We define € as a
marking parameter to identify the small terms (ultimately
€=1 ), The standard method is to multiply the left hand
side of Equation 3.2 by ¢ and to expand the singlet dis-
tribution functions and %: in terms whose magnitudes can

also be marked by powers of ¢ as follows:

“ €2l _
$.. ¢1)=+§ ](1\$€ ﬂ:(§3+ E‘S;L(§3... (3.3)

Lo
1L
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ot 3‘t :tt ait.” . . | (301“‘)

This done, the expressions in Equation 3.2 yield an equation
which must be obeyed to all powers of ¢ .
The equation which is formed by the terms of zero

power of € 1is

L
W (121172 L6357 s ﬁ';l(i\
Lol . L3
- §.0 I ﬂi iy Y, (3.5)

It is generally true that the solution to Equation 3.5 is
the Maxwell-Boltzmann equilibrium distribution function.
For a particle of general symmetry, the equilibrium singlet
distribution function is given by

oy _ 3 " -
£ ¢V n. o m: * (ankT)  Z !

[ L - % oL

exe ( (3ar) ¢™ (g-aV s HTS ) (3.6)

where Z..1is the rotational partition function and where n,,
T and w are arbitrary constants. For the linear and
srherical top molecules with which we are concerned, this

distribution function is of the form
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Lol

3 - Lam Com)
1t (1) = n, M?I‘ (11111\) (aT. kT\ ex"((‘:\. 8y ™ *( N )

2%T 1‘: AT

(1inear top)

(3.7)
to3 -3, NG (ee-uYwmy L
gu (1)=n; W\ (mhﬂ ;'\'\‘ﬂ\ exp ( <= z;n)

(spherical top)
(3.8)

where I-L is the moment of inertia of the active degrees of

freedom and for linear tops L(m is the angular momentum

A

component along the major axis (the direction) due to

~Ck1 -
¥ . AN e b2i
“w =y ¢ < °

im
the electrons. If it is required that the function
1ot contribute to the local equilibrium
values of number density of species , the temperature
and streaming velocity, we can identify these quantities
as n;, ¥ and u , respectively. The higher order terms

(#>1) in the expansion of %, can be written in terms of

- LRl
distortions, ¥; , from equilibrium as follows:
L ° 1Y -
£ Ay &Gy (3.9)
The above identification of n; , T and w imposes the

subsidiary conditions on the distortions
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(1]
[\
—
e
(S
-
. -]
™
~~
»
-
i
[ ad
-~
v

_ gy B0 A (e teameY e T (3.10)
where the summations over ( extend over all species. We
require also that the internal angular momentum density of
each species be zero so that

» thl
(a1 L, $. ey 3, ¢

1 =
_1L = v ‘\ e
L ]

et

(3.11)

The equation formed from the terms first order in e
in Equation 3.2 is

coy
&5, DY

. P
;0

(3.12)
For a linear phenomenological description of the gas, we
do not need to consider terms of higher than first order
in €.

There is an equation of the same form as Equation
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3.12 for each species. This set of equations can be com-

pactly given by

(B, = (K@) (7@, + (4T (<7 1)
K? 1,1y - KTL D), (37, (3.13)
where
tol ol
(¥ (1y) 3f (1), by | g,
St 3 x.

e, ; (3.14)

s (3.15)
(k"’(z\i\\é =-§; 2§41 (43 g 3 {Zcq
(f::: (1) W, (1241°37) fci-2) . (3.16)
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11 1$ ..\
wo (13113 L§a3-2) -§ar-2y] , (3.17)
(K(B) _ _ S g - 1 S—:ol _
(1’2\"8 - = LS (1_-‘..\ 10 (1\)
’«__;_ (L) x g . D__, .
b (3.18)
@) = g (3.19)

and where L is a dumy momentum variable of integration.
Beginning with Equations 3.13-3.19 we adopt the convention
that a subscript to the right of an expression in paren-
theses refers to a component of a tensor defined over com-
position space... Composition space has the same dimension
as the number of species. For instance the Li component
of the second rank composition tensor (VCﬂci,Q\Xis is
that component for which molecule A1 1s specles L and
molecule &L is species 4 . Tensors in the function space
of the coordinates of the molecules are written in the usual
way with an underscore for each rank. The Einstein summa-
tion convention is assumed for indices in composition
space. The sums over » in Equations 3.15 and 3.16 extend

over the number of species n, . In this form of Equation
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3.13, we can see that it is a linear integral equation of
the second kind to which the Fredholm theorems (39) can be
applied.

The first step in the application of these theorems
is to determine the solutions, ( KU’)S , of the homogeneous
form of Equation 3.13. Likely candidates for such solu-
tions based on the form of the terms of Equation 3.13 de-
fined in Equations 3.15, 3.16 and 3.17 are the collisional
invariants of mass of each species, linear momentum and
energy. The collisioral invariants, in addition to causing
the terms defined in Equations 3.15, 3.16 and 3.17 to sum to
zero, give a zero result for the field term of Equation 3.18
and hence are indeed solutions to the homogeneous form of
Equation 3.13. In terms of vectors in composition space

the solutions, CX“Wﬁ , are

rot
m, o ", €, m et + Hy
2
° 1 .. {° My &2 |
. 3 ) :
Mq o2 Hr'ot
© / \ J \ ) \ RN SRR
"n, ", Sng Y s .

The Fredholm theorems which apply are determined by the fact
that these solutions to the homogeneous equation are nongzero.

The next step in the application of the appropriate
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theorems is to find the solutions to the "transposed!
homogeneous equations given by

) -

o= (Kmti)\% (7)), + (42 (g, 1)

+ K7 (T 1)a K“’(Z,D\S (B, . (3.20)
The quotation marks around the word "transposed" mean that
we interchange the roles of i1 and 2 in Equations 3.16,
3.17 and 3.18 rather than perform the usual transposition
of the indices of a tensor. Using the conservation of
mass, of linear momentum and of kinetic energy, bilateral
normalization and the definition of an adjoint of a linear
operator (designated by a dagger superscript), we can write

TY L2 o N AN o
oquaviOon jyecv ad

o= (KD, (37, + (4T (k™ (@ -« Ay
Sk, (BT (3.21)
where
(K +<i,315\5: “Sy 7 (41 faz’ foz AES ﬁfm

3113) S0 (3.22)



INETY(Sz-R) - $(3'-T)) (3.23)
and

VN7 Sy SAEN S Ty A& o (3.24)

e

(T3 S
J

i

\

One can readily verify that the solutions of the "trans-
posed" homogeneous equations are also (x?). . The
Fredholm theorems then state that the necessary and suf-

ficient conditions under which Equation 3.13 possesses a

solution are that

~N
(V%)
.
Ny
d)
v

(43 (5D, (2P @),

[[%l]

for all 4 . The final information that the theorems give
is that any solution to the inhomogeneous equation could
possibly include an additive combination of the solutions
to the homogeneous equation. The subsidiary conditions of
Equations 3.10 prevent a nonzero combination of the (X®)
from being included in the solution to the inhomogeneous
equation because Equations 3.10 are statements of orthog-
anality batween (§lutiﬂ; and (xV); for all values

v

of 4 .
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When the general expression of Equation 3.6 for
is substituted into Equation 3.13, the inhomogeneity be-
comes

(D'(i_)\a : ?::l(i_.\ Ln? (g—t A R {me e €,

2 &7
rot T rot b " . .
_i*[}-\- 1]}(5?t % g‘\—r+%i('§:t+
<% u- FOECL ) (3.26)
with v+ 3, and (:c,-« and where R is the

ot
average local equilibrium value of H;, . When this form

of the inhomogeneity is inserted into the solubility con-

icn 3.25, the fluid dynamic equations to

lowest order in € are obtained. Thus we find that

3 n;

5;{ = Yy 4 ) (3.27)
3% . g w -t : e

e A S A f;e F. . (3.28)

and

(3.29)
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with po=min y p=Zp 5, p=nkl 3 Co = 3nkT + ¢,

and n=Zn~ and where ¢(; is the contribution of the ro-
tational degrees of freedom to the heat capacity per
molecule of species ¢ . Using Equations 3.27, 3.28 and
3.29 to evaluate the time derivatives which appea®™in
Equation 3.26, we have the result that

- <X
(B A= 0 Ay TERIC g+ (W o ups - %

j NS Y

—FO* )
MY G (D) (Ao - g

R roc % - vt ¥ .
L (;?'c,, AR -3 - Ry PRI ) AR (3.30)

with W, = ("N C, Hfj‘* =W/ RT
Fl;“= R /T and ¢ 1is the second rank unit tensor

over a b dimensional space and where the generalized 4if-

fusion forces, 4. , are defined by

ND:. \ V.
-0 =F
©

]
-+
—~

n:
"

(3.31)

They satisfy the condition of linear dependence that
b4 Ay = O

The operators on the right hand side of Equation
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3.13 are all linear and by Equation 3.30 the left hand

side of that equation is seen tobe linearly dependent upon

the generalized forces 4., v,T and v u, where the

-3

double bar over the last force indicates the symmetric

part of the tensor. The function, (&™), , appearing

on the right hand side of Equation 3.13 can thus also be
written as a linear combination of these forces. That is
(B ), =Y (AY -9, wT - @) T

. 9, 4

rn 2 Wy f(‘:. N
> (5, S (3.32)

o~
WM
e
u
1531t
_7
+
o~
'|c)ll
v
3o
~~
(W3]
L]
|9
)
~

where the super naught indicates a traceless tensor. With

this division, Equation 3.32 becomes

s T LAY N LVA 2
(87 (1), = - v (A, % 27 -(B), - s

SO g v w2 (CPY), %z (3.34)

o

where $:Y,4 . The linear dependence of the 4,

- - . o <4
causes an arbitrariness in the definition of the (&™),
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which we remove by requiring that % (G =0 for all i .
The substitution of both the expression for the first
order distortion of Equation 3.3% and the expression for
the inhomogeneity of Equation 3.30 into Equation 3.12
yields an equation which is linear in the generalized
forces. These forces are independent except for the afore-

mentioned linear dependence of the d4; , which we remove by

changing from ¢ te the n,-: independent forces
(P40} = Be/p, ) ) , 4t% , where x is arbitrary. Then

separate equations can be formed by equating coefficients

of the forces as follows:

(592 WG (Y, @ ) (), €%, G
with

AY -3 ° 2 -
(D_( \L= m;l~$tl [\Ni(wt*\‘\;ﬂ‘.—%‘\":‘m‘l’ (3'36)

& Lo3 (
(D =3\L SRS [W,\u . (3.37)

- ;‘rﬂ* _ %1 + 1 } . (3.38)
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(5™ . £ @ G (S, Ay (3.39)
and

(fx\Lé = (8w numy Yy (3.40)
and where

ne (&), = (af (K7L, D), (3.41)
and

A

n; Y\i ( ﬂ\w = (\((O‘(Z\W;& <+ Kd

1/}

(K™ (2,2) « \<“‘(i_,_g\\;5 (3.42)

The symbol [ X1° signifies the highest weight irreducible
part of the polyad formed from p X 1s.

The first order distortion in terms of independent
forces can be inserted into Equations 3.10 and 3.11 with
the result that

§a1 (5% iy 1), (9 =0 (3.43)

where (XY, can be (&) , ®), , @, or (ij);

and (&%), includes all the (%), and in addition
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Ly ©
N .
0
0 L .

In general the flux of any property can be written
as an integral over all momentum space of a particle, whose
integrand is the product of the distribution function, the
relative velocity3(;, and the property under consideration.
In our situation we can write the fluxes of mass, linear

momentum and kinetic energy respectively as

(1), = (a1 (£7@) 27y mCy)Y, (3.1%4)

P - -pé(n . {3 . écs\ (3.45)
and

Q= IV, (AY, » & (3.46)
where

ll\o

(¢ 8]

\

=

= Va1 (6@ 277D, (wle) (3.47)

R

9

~~

e L (AT (8701 @Ln(i'\; (m i)

(3.48)

3
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Q= (41 (57 BTV AYY, (C, (mE . wpe

1

l (3.49)

(\:i\;. = et (2R . i.;""t}

A

. (3.50)

The flux of kinetic energy given by Equation 3.46 is di-

vided into a convective term (I (‘5\1 and a conductive

The integrands of Equations 3.4, 3.4%7, 3.48

and 3.49 can be related to the expressions for the in-

term Q.

homogeneities given in Equations 3.36-3.39. By Equation

3.35 we have that

(3= -84 (2%ay), (8% ay) = - {027, 27h

(uo

¢

(3 é’(;\\ﬁ - 10E By

n=
i
it
—"
[+
el
Canny
-
~
e
-
—_
Py
{4

We AT (AT () Ay 1180y
(3.51)

and
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O - @m aam™ (a1 (377))

: (Q‘”(i\\é
= &Y (24T ® ii@tu,ﬁ}l
where the double brackets signify for two tensors a and %
e, e i (ra), ) (A) 19y, )
= (At (@) (), (B . (3.52)

By substituting the expression for

” of Equation 3.34,
we derive the general force flux relationships as follows:

(1) =™ o, 7. 1A ¢ + 5 ({8 ¢“R
+ Y

4§ gUR

v WG a2 2

3

“‘:-‘(llo

= kT LRV

3

7148805 11k 3R

v
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110, 8h -n £ % . 11 3V
3 ,0.3
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1
-

(3.53)
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and

Q= caT (v LY T (AAR v s

N
-~
nPo
3
——
v

+ Y4 §,i0,5i§ -V\%g_:._ _iic_;('p) e\z%

k]

The operation of parity reversal on the fluxes,

which are all polar quantities, has the result that

o

P(I), =- (D), Pi-=3
F Q' =-Q P w=x (3.5%)
Since the

parity of the forces in Equations 3.53 is readily

P e e Y-t T <=1 - 3 < R < - <~
apparent, uvnése esguaticns can be used T -

parity of the bracketed expressions therein. The bracketed

expressions are unaffected by rotations perpendicular to
the direction,k, , of the applied field, ¥ , and can there-

fore be expanded in the appropriate tensors given in Refer-

ence 27. These tensors in the expansion must all have the

same parity as the bracket in order to have nonzero coef-

ficients. The parity of such tensors can be determined

from the facts that a magnetic field is unaffected by parity
and an electric field reverses direction under parity. It
is useful to note the additional property of the double

bracketed expressions that 1ia.gil:=o if ¢ and » are of
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different parity. The proof of this statement follows
easily if P and (f\\;s can be shown to commute. That
these two operators commute can be established by examin-
ing the effect of P on the separate parts of (f\\.‘ in
Equation 3.40: (é\ii is unaffected by parity reversal
because the energy of the dipole «=%-%) is unaffected as
is L, an axial vector. The operator (fﬂ;& is invariant
to parity reversal by Equation 2.25. The sequence of the

proof that {{a blij=o if a and b are of different

parity with eigenvalues ¢, and U, under parity is

(i), (), )Y =l Caade, (R Psy)

78 LN, AN (e))= T (BraN, (A (b))

:1 vy

=70 (@ DYy );) (3.56)

~

where the self-adjointness of P is utilized.

Time reversal also leads to a useful property of the

double brackets. Proof of this property requires that we

first show that

“~ ~

T (&), = (). T (3.57)

\-% \} °

The time reversal operator can be broken up into a product

of an operator on the applied field and of an operator on
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~ N o)

the momentum, | = \_\ . With the aid of Equation 2.2%
and the conservation of linear momentum and of energy, we
can operate on the individual terms of (A, ; given in
Equation 3.4%0 with T and show Equation 3.57. As an example

we give the proof sequence for (K™ (1 ,7!_\\,;

The theorem which we wish to prove is that for any tensors

(g and (%)



AV (3.58)

where ¥, and 7, are the time operator eigenvalues of
(-7\_315 (2), and (JAL\é (b), respectively and the super-
script T refers to the bulk transposition of function
space indices. The steps of the proof of Equation 3.58

utilize the self-adjointness of 7. and are

ii%,\%& = ((Q_&\',_

= Tb%p:\—; ((%\u, A‘-; :Ym (‘7\-\03 (\3\1‘3\)= ‘(b:i-F (—"\-F (9__.‘\‘ ’-":M (j\\-\‘&(\g\%\

{\
~

bfrp ( (-//(.1-)“ —"Ym!—\c (%\;’(\g\ﬁ= [# % %‘; ik a RT .

-y =

\ LAY
A\
-

L4
through Equations 3.35 by considering the equivalent prob-

A
{ N 1
\ >~ iN

lem of how the time reversal operator affects the (I ),

i

By this means we find that

A ~

TR, (AY, = - (RO (AN

T (), (DY = (AY, (DY, (3.59)

and
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We now examine the double brackets of Equations 3.53
in a two-fold process. The first step, as we have already
mentioned, is to establish which tensors of Reference 27
have the appropriate parity for the expansion of a given
double bracket. The second step is to apply the theorem
of Equation 3.58 to derive the Onsager-Casimer relation-
ships. The application of this process results in the
following statements:

(1) The second rank temsors {LAG" 1Y ,
116", A | , fLe® ‘Q(hVS and WA AR can be ex-
panded linearly in the three tensors (27) ;1 with coef-
ficients L_, L, and L, resvectively. The coeificients
L, and L, are nonzero for any applied field. For the
case ¥°H (magnetic field case), L, is nonzero and is
an odd function of u ; for %=t (electric field case) L,,.
is zero. The relations between these double brackets are
(A co = 11E™ A%y ana G ™ UCY CTE,

(ii) The vectors {{A O} , 119,88} , UD.G“N
and 11G%, 08}  are proportional to %,. In a magnetic
field the coefficients of proportionality are zero and in
an electric field they are nonzero. The relationships be-
tween these double brackets are {{a 0¥t = S{D,A}} and

"WD,SH e 11eY nid
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WRilo

(iii) The third rank tensors {l s.évgkﬁ , We Ay,
{tg® gfg 1 and 1 %2 .G"t"  can be expanded in the

three tensors (27) de which are traceless and symmetric
on their last two indices. All scalar coefficients of these
tensors are zero in a magnetic field. In an electric field
F9 and F® have nonzero coefficients. The relationships
between these double brackets are {14, %2 ¥y = - ii'g'% ART

and  (e®, Bii--1{2,07R .

(iv) The second rank temsors {{ D,f’é: 1y and ii%}__ , 0%
are proportional with nonzero coefficient to the traceless
and symmetric tensor (27) J . The relationship between
these tensors is i19,§§§=ii%,0§3 .

(v) The fourth rank tensor ii%,%%i can be linearly
expanded In terms of the five fourth rank temsors 87 (),
%‘: (2) E:‘S:

R (D %

b
R (> and &, () which are defined in

Reference 40. These tensors possess the required symmetry
and tracelessness and in addition they have the orthogonal-
ity properties mentioned in that reference. All five tensors

contribute in a magnetic fielid and aii obut

o)

lo et gl
in an electric field.

At this point we are ready to identify the transport
properties from the force flux relations of Equation 3.53
and to form and solve the kinetic equations. The two dis-
tinct experimental situations of concern in this work are

(i) the effect of a magnetic field on the viscosity and
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thermal conductivity of a gas composed of spherical top
molecules and (ii) the thermal conductivity, thermal dif-
fusion and diffusion occurring in binary isotopic gas mix-
tures composed of linear molecules. We treat these two
situations in the following subsections.

Solution of the Kinetic Equations for Viscosity and
Thermal Conductivity of a Pure Gas Composed of Spherical
Top Molecules in the Presence of a Magnetic Field

From Equations 3.45 and 3.53, the total pressure tensor
for this situation is given by

g = '83 §=(.3\ - &T

1172}
PRV
~
vl
4G
% o
s
)
x
-~
1
-
15
~N
—~\
)
1;’97"’
e
e’

where we have amitted terms which do not contribute in the
case of a pure gas in the presence of a magnetic field.

For a pure gas there is only one component and we can drop

yoRtie
-/
nS
Py
—~y
>>
“mllo
|‘(;j\lo
-

(3.61)
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where we have used Equation 3.57 and part of Equation 3.59.
The standard macroscopic formula for the pressure tensor

(21) is

g = _&)é:(‘z-\ _ 2,4_. % . KV_L'L& S('s) €0,2) . g S(”

(2,0

A R BT (3.62)

where 3 1is the shear viscosity, X 1is the bulk viscosity,
and &3, and L7 are the coefficients of coupling

between the bulk and shear forces. Since shear viscosity
is the only property to be studied, we need only identify
it (though the other identifications are apparent). Using

Equations 3.60-3.62 we find that

p = (35) e 8%y (3.63)

According to the method originated by Kagan and
Maksimov (41), the tensor 8 is expanded in the infinite

~ANI A
wDCTL LTDO

= e (> (s) . ) X
€= Pl‘gSt 8,1 X-QA SPi(N‘\ Sv* tal
P+ %
of® @.MS (3.64)

. _3- F+%
where for spherical tops ,= (21 &) fa L, 4 ©

Rt §-1
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indicates nested indicial collapse (42) of the p~q func-

tion space indices,

the function

rank p+q+2

S (X} is a Sonine polynomial (42) of

X and the tensor coefficients 8&™%° of

are independent of microscopic variables.

The expansion of Equation 3.64% can be inserted into

£L T_é. ,§ '} and after some rearrangement we obtain

ngwllo
||m"°

i ¥

where we have

steps. Since

uono

(8)

3

w3ne

nPho
ugo e
N4

= (X

V= (B

3

pote

. @
a (551 \@1X1,

L

)

R ) ) )
vz Ul D) TR

sy a3 2N P¢t  eqSt
Sop (WY sy 1e e (3.65)
used Equations 3.35, 3.37 and 3.61 in these

the integral of Equation 3.65 is already

partly in terms of W, and 0O ,, we change variables of

integration with the result that

- 2-
\.(&V‘.‘x &O\Q-s QN‘ *

a {.\L\“LX“’ ‘-\‘\Js‘\(P)

Lo 3™ ¢ (W) Sex tale™ 8™ (3.66)
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The singly bracketed integral in Equation 3.66 is
field independent and hence must be isotropic. From group
theory (43), one knows that the only way for such an
integral to be nonzero is for the direct product of the
tensors in the integrand to be a basis for a representa-
tion which contains the totally symmetric irreducible
representation. The direct product of two tensors of
weights 4, and j, (for instance YV I,
where the first tensor is of weight 2 and the second ten-
sor is of weight p ) is a basis for a representation which
is the Kroneker product of the two original representatiomns.
The product representation can be decomposed into irre-
ducible representations of weights 14,-4.\.... o Virda ) e
In order for the reducible product representation to con-
tain the totally symmetric irreducible representation (of
weight zero), 4., must be equal to 4. .

These group theoretical considerations require that
for the singly bracketed integral of Equation 3.66 to be
nonzero, p must equai two and q must equal zero. Thus

Equation 3.66 becomes
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The orthogonality properties of Sonine polynomials can be
used in Equation 3.67 because the powers of W, and o

which occur there can be written in terms of Sonine poly-
nomials. The result is that the only nonzero terms in the
summations over s and t are those for which s-=t-=o0

Equation 3.67 can thus be written as

ii:% ,:é %K: %3- {' §d\:§'1 ‘-\&&.X(n L\x\",;\(ﬂ e—w‘z
(a0, <% Yo' B (3-68)

This singly bracketed tensor integral is proportional to
the isotropic fourth rank tensor 2 which is traceless and
t

. . . .
symmetric con its first two and its lagt

wo indices and
is given by (40)

‘:(1\ . B

">
1]
" &

() . (3.69)

Performing the standard procedures of tensor algebra, we
obtain

11

noo
ueptto
st
——r
‘I
>
mP
»
Q
(]
)

(3.70)

and thus from Equation 3.63 we have that

2000

- kY
%= 5

w

. (3.71)
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We solve for B*°°° by using that part of Equation

3.35 generated by terms linear in $ , i.e.

oy _ 2y A st e+ £9ot
s, DW= Az p T e B (3.72)
where
Pt \) s\ LAY IS
5, = Lw, 1 La" S wiy Sy tal) (3.73)

and where we employ the expansion of Equation 3.63. We
now take integral moments of Equation 3.72 with the entire

Pe5t

set of T 8, . The result is the moments equations

which are of the form

ﬁ. éi“t\ of® Eém,st . (3.7%)

The reason that the time reversal operator is brought in
here is that A becomes effectively self-adjoint. The

proof of this is similar to that of Equations 3.61 and is

A Pf%lsl t( A
(v

=1 Al =3

7]
—
-
[pext
-
r]
<
s
»

(3.75)
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It is obviously impractical to include an infinite
number of terms in the expansion of é and to create an
infinite number of moments equations. The primary factor
in deciding whether a tensor corresponding to a certain

psst should be included in the expansion set is to de-

past

termine its contribution to @ . If (Ta AT

=0 then the equations for the e3qst and 2000 coef-
9
ficients do not directly couple and that pqs« can be as-
sumed to give a small contribution to a0co . The pos-
[
o] A4 N oo v
sible reasons for which (T 8% A 8% would be zero

are either that there is no isotropic tensor of the form

of the moment or that * and p*° are of different

parity. A linear dependence between the 3***" , originat-

ing from the subsidiary conditions of Equation 3.43, can
also result in the elimination of various pqst from the
expansion. The result of these considerations as applied

to Equation 3.74 leaves in the series 8™

©2L00
s D

i

and higher terms of even parity. We truncate our series

A00:0
at

mcx
]
Mol

. Cooper and Hoffman (44+) demonstrate
that the magnetic field viscosity contribution of higher
rank tensors and higher order polynomials is small. Thus
our truncation is justified.

For this truncation the moments equations of Equation

3.74% are explicitly given by
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(@lay, 2 57 @V W W) = (0,00 Rowlw et g™
(o o, Agla)e 877 (3.76)
where we use the fact that LQ]"“= ¢a .« The tensor

integrals on the left hand side of Equations 3.76 can be

performed to yield

=
103 °d
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>
P
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1Z.
o,
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jal
OAJ
mea
S
[e]
O

Q,)e" 8 (3.77)

where A. is expanded by Equations 3.40 and & terms which

are zero are omitted.

©a00

The tensor coefficients @”M) and

Miey

are fourth
rank tensors which are traceless and symmetric on their
first two and last two indices. In a field free situation
these tensors are proportional to 4 and in the presence

of a magnetic field they can be expanded linearly in terms
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of [_:3: Q ,

Mey

- »
O 22 @ , B and B.» . Inor-

der to determine the value of the shear viscosity in the

field free and field situations simultaneousiy, we expand
000

Bg and tg_°‘°° as follows:
2000 a a
7 = b, 2+ b,, B v b, Bi 4 by, Bl
® 5
+ bm %1 (1) + b, 21(1\
%ozoo - blo % + b:“_ %‘: () + b, B

Thu BL@ by BI (3.78)

In Equation 3.77 all of the integrals containing \% are
...... I R R S me. .
!JL'U_EJU.L' viLlilalL LU 3 Liie

i

integral comtaining & can be

. . D)_ QKQ“& . (3’79)

The average magnetic dipole moment, 4, , has the property
that
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where ¥ 1is the gyromagnetic ratio. When we substitute
this expression for M, into Equation 3.79 and perform

the differentiation therein, we find that

° A ° i 2 3
n(Q, 0, 8 0nd- h-rr: *, X [ﬂa\\g& gdgl

et T ala, 2.9,] (3.81)
where for any three vectors a , b and ¢
aX'be = axb e+ baxe (3.82)

The single bracketed integral in Equation 3.81 is also
proportional to s . By the usual methods of tensor alge-
bra, we find from these comsiderations thal BEquations 3.77
can be written as linear equations containing independent
tenscrs. Ccefficients of like tensors in Eguations 3.77
can then be equated to form linear scalar equations. We
must then calculate the coefficients in these equations
which are scalar integrals containing ﬁ (called collision
integrals) and solve these equations in the usual manner
for the unknown \%i . |

The by, can be related to the coefficients in the
scheme of deGroot and Mazur (45) in which appear %, ,

<, M 41 5 14 and s . These relations are
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,'lo < bio Nk T /1 ‘VI;: (blof bequTl/l
/

Ty (oo v b Y N&T /g Mu = by "RV [y

Mla = (2bge+ by * by Ynki/y "l; = -by, &1/

. (3.83)

Equations 3.83 are derived by identifying the components
of 3 of Reference 45 with the components of [%““ .

The steps which lead to the expressions fd; the mag-
netic field thermal conductivity in terms of collision
integrals are parallel to those for viscosity. The macro-
scopic equation for the conductive kinetic energy flux,

Q ., is

Q'= -A-9, T (3.84%)

where 2 is the thermal conductivity tensor. The macro-
scopic expression of Eguation 3.84% can be compared to the
appropriate microscopic expression of Equation 3.53 for
the case of a pure substance in a magnetic field. The

result of this comparison is that we can write that

-2t A AR (3.85)

The vector A can be expanded in the Kagan-Maksimov (k1)

series as follows:
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%)

) N D N
A = g{,ﬂ. {\éi\m Y_le%\ Se*i (W) S“’%. ()

o™t AT (3.86)

-

where the é"ﬁt are independént of the microscopic vari-
ables. The expansion of Equation 3.86 can be introduced
into the expression for {{A AR and with the aid of
Equations 3.35 and 3.36 we find that

=3 wr-ar
Ha,att - 25 2, faw, fag e 0w,
2% Py (D (s> -
(W; ~ Q?;_—‘\\ ‘.\Qx,,_\ LQ;X SP""\i \Ni\
¢ P+ st .
50, (al) e AT (3.87)

Group theory and orthogonality of Sonine polyncmials elim-
. 1040 io0L . .
inate all but A and A from the series in Equa-

tion 3.87. When the remaining tensor integrals of Equa-

tion 3.87 are evaluated, the result is that

Mo 4040 3 ‘A“LOOL \

(A A 69 o= I (3.88)

>

We can now substitute the series of Equation 3.86 into
the appropriate member of Equations 3.35. Then, as before,

we take integral moments with the resulting equation. In

1y

3
ML_SQN(Q:\ , Wwe observe that parity requires that such p

considering which pqst couple with W,5S

(W) and
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be odd. The possibility of including W, itself is elim-
inated by the fact that A™°°=0 by virtue of the linear
momentum contribution to the subsidiary conditions of
Equation 3.43. The next two terms of the series in order
of complexity are WwW,Q. and W, L® '. For spherical
tops all the moment equations' coefficients which would
couple w,q, to w, 5;\ (W) and W, S‘\_:\ (A%) are

zero. Therefore we take W ‘_K_\x\m as the third term and

truncate the series there.

The function A then takes the form

A= o - &”” R é’”‘ + f’ ©° én“ (3.89)
with

¢, =W, (3-W0Y),

¢, = W, (3-ai) (3.90)
and

-
v

_ °
- \Ni Qs. st

(3

t
These A" of Equation 3.89 can be expanded in §

and

wp

for field off contributions and the appropriate

tensors of Reference 27 for field on contributions as
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follows:
1040 3) 3 v
'L} - 10 g ¥ ‘%:1 qfk = 3
1004 3) 3 ¢
/_5 = Q0 § + 5 0\1'(_ = (3'91)
and
1200 1 i
lA;\ T %% % ' ~.Z=1 %3 :=E

The expansions of Equations 3.91 can be substituted into

the moments equations to give

Ljw

*L_xc\u\\f“"(\"\’yﬁ\f(#30 (d %*éxq'ﬁ.l;_t\

ol h A~ 3 v A~ v A 3
o=t (T Be) (ae s e 3 ) v e (Te, fo.) (0820,
Ll S - w

A I - T A 3 ]
T ?3 , 98¢, Yeur (T 8, 7 ?3\\6 (Qyo 4 +Z Ay

1°).(3.92)
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The third moment equation of Equations 3.92 is formed with
T¢, instead of | §, for calculational convenience in

constructing the isotropic tensors in which the resulting

tensor integrals are to be expanded. In Equations 3.92 the

single tensor integral containing & can be written as

Q, WM, 0,Q, (3.93)

The sixth rank tensor integrals of Equations 3.92 and 3.93

are isotropic and can be expanded linearly in terms of

. . w- (O
T, T, and T, > given in Appendix C. The Equations

3.92 can now be reduced to scalar linear equations in the

unknown Uy whose coefficients contain collision inte-

grals.

The a;; can be related to the field changes in the

thermal conductivity measured in References 10 and 11.

Using Equations 3.85 and 3.88, we can write that

AA = (Sq 3 a
x/xo 14 ¥ :1\/(5,:\10.}30\20\

Ak‘/l,

(Pt [ sa,, v 30,.)

A)\S/lo = (5&13 + 55\13\/ (gqio + 34203 (3.94)

R L -
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where A, is the field free thermal conductivity and aa, ,
AX, and DA, are respectively the changes in a, parallel,

perpendicular and transverse to the magnetic field.

Solution of the Kinetic Equations for Thermal
Conductivity, Diffusion and Thermal Diffusion
in a Field Free Binary Isotopic Gas Mixture of
Linear Molecules
In a field free gas mixture the macroscopic equations

for the mass flux and conductive kinetic energy flux are

(46)

(_I\k = —(DT)L v, \ .‘.{m;nx/P) (D)is(émk (3.95)

3
Q= -2 w T - (O, (26, (3.96)
where D, is the binary diffusion coefficient, D; is the
thermal diffusion coefficient of species ( and X is the
thermal conductivity of the mixture. As was previously
mentioned, the 4, are linearly dependent. We can identify
DT through comparison of Equations 3.53 and 3.95. The dif-

fusion coefficient is defined so that U, =0 and therefore

the implied summation over 4 in Equation 3.95 is effectively

over n -1 species (i.e., {# 1 ) and thus the linear de-
pendence is removed. We now write the diffusional contri-

bution to J, of Egquation 3.53 also over all species 4{# L

-
7
¥
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as follows:

ggmu “n i é% ) (\—Pi iigci\‘ gg;nﬁ
- e e ) (3.97)

The identification of D% is then apparent. In particular,

for the case of binary mixtures

T- VT8 ¢ R-na e e, (3.98)

-

The appropriate form of the microscopic equation for the

conductive kinetic energy flux is

~7 - . A { {
e TS P

23}
-
-
(-al‘\
~N
13>
(b2
\/‘J
[
|

nd, {{g“\, AR

v
.

(3.99)

The second rank double bracketed tensors of Equations 3.98

< 3)
S . LIS Dla

and 3.99 are all proportiiomal to
ficients of the macroscopic flux equations (Equations 3.95

and 3.96) can then be identified as

v 3

D" R 22’\'}'11. i{ g \La-“’ (3.100)

by

A

>
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D= "+ e et (3.101)

and

Ve A Ra (3.102)

A; and Gv

The functions > ;  can be expanded in the

Kagan-Maksimov (k1) series

A.

() (s) 2 ) 2
= 2
Ac= 2, WY L0 T s vy S50 ()
Peq, Pgst
® A
=t (30103)
PR . )] QY ) (S
Sooo= . ‘Lvﬂ-‘g }_{\L.—\: (v&l\s S. (g"»l\v
N £ : -3 ey i % -1
Pag, ) Pge%

theory, Sonine polynomial orthogonality and subsidiary

conditions of Equations 3.43 are made, we find that

T . iy 1000 - (33
D‘. = &7 n; o IS

et g (3.105)

g
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. P &Y \'h o tay 000 (1) 2000
Dil~3r\n/\.1(?\:\1\ i Py C’-?l Py El }
2 5(33
= (3.106)
and
_ 10410 1004
X"ﬂl“;"\t‘h {-3 & - & 3
3 L
2 S('S\
= - (3.107)

In order to form the moments equations, we truncate
the expansions of Equations 3.103 and 3.104% so that they
include only W, , W, (3-w2) |, W, (1-0}) and wW,Q.q, -
We justify this truncation by the fact that analogous work
on spherical particles (46) indicates that for calculating
isotopic thermal diffusion, which is of primary interest

to us, higher order terms are not necessary. For the field

. s . eyt 3y PAStE
free condition all of the A, and G . are pro-

3 +n 3 + ['¢ < - \ - -
1SCTICPLC Tenssr \ g fory J a4k as a

uip»
[1}]
fu

result we can rewrite the truncated expansions of Equations

3.103 and 3.104 as

?” a - (3.108)

e




68

(3.109)
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and ¢;’ =w,-0.,¢0, . The moments equations in these terms

are
QU (™Y N s npn, (87 BV, 2 41N (), ,  (3.110)
Q7 (@) ) = nony (07 (BY 72 @)y,  (3-11D)
(¢ (8 Vmnon (85 LAY 2 ¢ Ly, (3.112)

17 (TR 1y -
(‘{“»(Q%\t\:ntnx(q_}u N <p\'i§§:

@) (44),  (3.113)

1

where (DY) is (Qm\; or ( S(gm\); when (y.); is

respectively (ah)-k OF (c4); - The integrals which appear
on the right hand side of Equations 3.110-3.113 are the same
for either A; or Q‘f’ terms because both are expanded in

the same set. For the case that (§'%) is (D'®),, the
left hand sides of Equations 3.110 and 3.113 are zero and

ot
(5‘5\\'\:—%\'\;”\-‘& éus

(-4213

(3.11%)
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For the case that (§

sides of Equations 3.111-3.113 are zero and

These moments equati

) (D(M) \ =

.*nm

\ is

which are proportional to &

'y

)
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2

[$ )]
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(p'*

ons contain

[§

( QKQ )\\\ - - f;[’2 (z&r) (\\\ n\

secon

(3.115)

right hand

(3.116)

¢ tengorsg all of

From the coefficients of

the tensors in the moments equations, we can form scalar

equations which can easily be solved.

scalar unknowns ag

given by
~ 1 _— !
DL® RT ngm o s
_ en 1 AT \x Caa o Laa
D11 :Mm \1“";\ g I /‘; )
and

‘S'u

LY

Thus we have derived the kinetic equations

cases of interest. These equations contain the

In terms of the

and «<.; , Equations 3.105-3.107 are

(3.119)

for the

notorious
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collision integrals. The next chapter will be devoted
to the evaluation of these integrals for nonspherical

.molecular models.
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CHAPTER 4. EVALUATION OF COLLISION INTEGRALS FOR
NONSPHERICAL MOLECULAR MODELS

The collision integral coefficients in the moments
equations (Equations 3.78, 3.92 and 3.110-3.113) are ten-
sors which can be written as a linear combination of a basis
set of isotropic tensors with scalar integral coefficients.
A scalar collision integral between a function ¢, of ten-

sor rank « and ¥, of tensor rank v is of the form

,.
o>
or
e
-
-
i
e
0]
¢
X
M
—_—
S
Pt
—
o
!
—
S
!
———y
S
(1]
~

(+.1)
where 4 is some isotropic tensor of rank u«v . We can
make the division of terms such that

wrv A _ U+ 4,2
O O PR T A G O T
1,2
len vl ) (%.2)
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From this point, we refer only expressions of the form of
Equation 4.3 as collision integrals.

From the Kagan-Maksimov expansions (Equations 3.66,
3.87, 3.103 and 3.104), the functions ¢, and 7Y, can be
taken to be polyads in w and o , the reduced linear
momentum and reduced angular momentum respectively. These
momenta of colliding molecules are conveniently taken to
be the compdnents of a generalized 12-D momentum vector
= (04,2, W, W,y , where the curved underscore sig-
nifies a vector in the 12-D space as opposed to a straight
underscore for a vector in the 3-D space. When writing a
tensor £ in this space in component form, we write
(PYea:p; . The Greek indices run from one to four, in-
dicating whether we are in the a., 22, 4 W, or ¥, sub-
space, and the Latin indices run from one to three. We

define the following projection operators:
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(3)
$7 ¢ o 2 2 o g ¢
)
= (0] =

Ba, 0 9 2 o Pas e § ¢ ¢
e ¢ 9 2 e ¢ 2 ¢
Q o 2 9 Q ¢ ¢ ¢

¢ Q Q 0 o 9 9

e le ¢ 2o o P, ¢ 2 ¢

Q (5’ §m 0 o ¢ o

< 0 9] e o §W

(%.4)
vhich are second rank tensors in the 12-D space. For any

n
4 from one to four, M; (M = A

>

L ? \\-{\z - Q. b E\E\: \S&

) are such that we can define a quantity
M, = (M = %‘& (Feny )

k]

and ™M, = W,

«i,ox ("Ngy o+ The operations o,
and ©., in the 12-D space of concern here are defined by

(‘-E o, M)L = 2 (1), (N\i\«-&

3 <%
and

’i‘a O My = 2 & (mpy, (MmN,
where 1

is a second rank tensor in the 3-D space. These



74

operations can be carried out more than once within a
single expression. In the case of @, (a»1) we imply
that the operations are carried out a times according to
the nested convention of indicial collapse of Chapman and
Cowling (42).

The polyad ?; Y, can be written as

¢L vgiz (X_\ PP YY\‘ut mﬁs e o

- —_—
Yy A

M.

v
Likewise a 12-D analogue of this polyad, 2;3% , 1s given

by

¢ v =z P4 P . -
AU Y SR N ( My 4k, a2 ( M, Jam g2 ("Dee s
- . urvr “w
= E m. ) —gm; 0‘1 ( \
h-9 'y
- - UV Uev
) Q ¢, Yy O ( 'YD .

As a consequence of these definitions, we have that

$o ey =

1

W -V wux'Vv 7). ~”\
= PLvy

The identification of Equation 4.5 can be used to rewrite

Equation 4.3 as

GRGU T

[[15
-
ner
"
—
¥
o
1}
=2
1
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®
v
P
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H
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TR Y 1
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faq (an’ < woimy @ (- (3" (%.6)

where x=¢ if x=1 and =4 if k-2 . Thus, without
loss of generality, we can restrict our attention to a

tensor integral of the form

LA™ T fay Cay e W, (gt

(0 ()= (a7, +.7)

The collisions do not depend on the momentum of the
center of mass of the two particles and it is therefore
advantageous to transform the 12-D momentum to a frame

[4

such that vw“(a, .0, 7, %) , where 0 , the reduced
linear momentum of the center of mass, and ¥ , the reduced
relative linear momentum of the colliding particles, are

defined respectively by

no= O t € s wi
= > oa > S
and
Y= - g(i\ VS; N g)(a\ \f_\]_ ()+.8)

- NEY 'I:
with £ ("/w)" and M equal to the reduced mass.
The superscript <c<om refers to the center of mass co-

ordinates. The unitary transformation, § , which transforms

~
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the generalized momentum from

(O-;.Q-z,"‘_‘,“\\_li\ to
(2., 0,,7,%) is given by
§=(5) 0: Q: g
,Sv = (_2_ §(3\ g Q
Q 0 g‘l) S(B\ g‘t\s(})»
\ ;:) é: - E-J“-‘é‘m Eth\—é (Y]

(%.9)

Any projection operator E,,,). can be converted to and from

center of mass frame using § as follows:

(4.92a)

As an illustration of Equation %.5a, we note that

( 2 Q@ o 0

oOm

2 W, oo ¢ 9 g o
9 o (gm\l ém - %u\ %m $= »
o o _gﬂ!\ gu.) S(‘) (i 58} \Q g (3}
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1o
f
[1{e])

Q
R = Q ¢ 0 ¢
a = =
o o (au\\1 5(53 %ﬂs g(‘) 3(3)
o < E}m %m é-(a k%m)‘:('s\
P _ com i , com
20 2w, &i' me . (%.10)

Because of the collisional invariance of p , it is con-
venient in the evaluation of Equation 4.7 to work in the

center of mass framej; but, in the actual process of per-

forming projections on the tensor resulting from the inte-

+ho

laboratory frame because of the simple form of the pro-
jection operators.

Let %* be the precollision momentum vector corres-

ponding to the postcollision momentum 4 on a given tra-

jectory in a binary collision. We can define an apse
vector ¥ for the collision in the 12-D space by the rela-

tion

R= (3-2%) /\‘4- qf\ . (4+.11)

As a trivial consequence of this definition and the fact

vt




78

that total kinetic energy is conserved in collision (i.e.
n¥* - q* ), we have that

%-% 70 (4.12)

WeRo=- R (%.13)
and

N-(m-RAR =ad -t e, (4.14)

Thus the net effect of the collision is to change the sign
of the component of the momentum along the apse vector
while leaving the other momentum components unchanged.

It is then natural to think of R as a unit vector along

The components of K in the center of mass frame are

given by

<o

R

3

% (~QL 3 -gi 3 0 \'i‘\ ()"1'015)

where g, , g, and %, are defined by this equation,
D=(1+val +alyh and the invariance of the center of

mass momentum component is reflected in the fact that

o)
e}

+ In the laboratory frame, «

is given by

R:0"(g,,-a, -EP% . £73,) (4+.16)
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For spherical potentials there are no collisionally active
rotational degrees of freedom and hence R“™: (e 2 o & )
Since the component of the generalized momentum along
the apse vector changes sign upon collision, it follows
that for an odd number of times during the collision the
generalized momentum is orthogonal to the apse vector.
The temporally central point of perpendicularity we term
the apse point.

The specific transition rate w_«%1%1) from the %

to the 7 states can be expressed in the form

L A N , ‘
W, (i) = CEEYT 25 b el e p R Sty 19)

A
K O, R >0

A
P P P 2T 3 3 ] 3 3
wnere the integral restriction x2.n>0 assures that =

is a postcollisional momentum. This equation defines

{ t«x.m) which we call the generalized cross section

v

and whose explicit functional form depends on the nature
of the interaction potential. Since X is a unit vector

in the 12-D space of 3 , it is specified by 11 generalized

A

Eulerian angles. However, since P, % = ¢ , K has a

nontrivial dependence of only eight generalized Eulerian

angles which fix it in the P,  « .

a, + D, subspace.

£

Substituting Equation 4.17 into Equation 4.7 yields

J\_ =2 E_:: (Q‘EIYIL KAQ ((:S."'\ ()"l'-18)
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where

2

(\4_12\: &dq’ o (C(’»jf\ %(\2,14\
Q©.1~,\,7o
Ay ey -ahy) (%.19)

Further evaluation of A., requires specific knowledge

C

)
¢t
o
(¢}
(1]
o
t
H
}-I
}J
N
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£
[¢]
-
O
73
7
n
[(]
o
ct
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o)
'3
LY ]
o>
X
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~
[ ]

The form of § 1is known for the limiting cases of
rigid ovaloids and central soft potentials. For rigid

ovaloids it is known that (26)

Y 2 d( %y X2, 3*;3 l
b= % (9 Q ar, = D S "‘""“\ S Qen (%.20)
o2 - TN "‘._ s
where |37 7| is the Jacobian of transforma-

tion from the coordinates (%;,x,,%k) to X . Here § is
the surface area per unit solid angle of %a on the volume
excluded to the center of mass of molecule a1 Dby the
presence of molecule 1 at fixed «:. and %. . The unit
vector X 1is the normal to the excluded volume surface at
the position of the center of mass of molecule 2 during
the instant of contact. The factor «. . (r, and =~
being the number of collisionally active rotational degrees
of freedom of molecules 1 and 2 respectively) is unity

for . and r equal to zero or three and is a product of
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delta functions otherwise. For instance, for a collision

between rigid ellipsoids «r, : v, -2 and C?qu'
$ta, & 8w, &) to account for the fact that the

angular momentum does not change along the major axes of

bodies + and a2 which are respectively &, and ¢, . As

previously mentioned D= (y~a}~al)* | e note that

the factor gw(ﬁ) is momentum independent. The subscript
ro signifies thatv a guantity is evaluated using the

rigid ovaloid model.

For a central soft potential 5=319kéo@4,tf) where

2
IS

52 = ¥ -Gt and Ko,y = k,-¥y . That is, the cross
section depends on the component of the generalized mo-
mentum along the reaction coordinate and the magnitude of
the relative velocity normal to ﬁg. The latter quantity
governs the "fly by" time and hence, in part, the time of
duration of contact.

For a general soft potential it seems physically
reasonable to expect that @ will sensitively depend on
QQ(Q and 3. (or perhaps some other appropriately chosem
speed which determines the "fly by" time) as in the case
of soft spheres. We first assume that 9' can be factored
into 4 - % Qg where the delta functions in Q.
depend on the apse geometry. Then we assume that } is

only a function of the momentum through K o.% and ¥

(Y
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(ioe- that g: -‘i(a' \20.1'“, N Bi )o TIE (‘_‘,g)

tensors
of Equation 4.19 then can be greatly simplified. In this
approximation
(® 5_7'): Sdi < ‘29.14 -(}(Q)\:e,li) 33)
2(5,,.'470
- u -\ I NS
(Y (- ()T (4.21)

where

A Q.. = (44 7
1 3 L

and 1 is a vector in the

ngl=rer, + ) -D subspace of
the 12-D space.

From symmetry considerations, it is evi-~

dent that the tensorial character of (u,v) can be ex-
pressed in terms of the unit vector k , the projection
operator L}™=p - P

where
=P SRk
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and the unit tensor in the n,-D subspace, § ° .

In order to proceed we rotate the vector % , by some
unitary transformation R, into a frame such that K is
along the last axis. From Reference 47 we see that we can
construct this transformation such that it does not mix

the 3 and ¥, subspaces with any other components. In

the transformed space, Equation 4.21 becomes

(g, +3) LA RY- (R £ ) ) (%+.22)

where

G, 7 R0 - B 0, (R0 ) (.23)
and

¥ = Y, v (K0, Y ROK = %, & 6, (RO R) (4.24)

The integrand of Equation 4.22 can be separated into a sum

of polyads in %4 (by means of the tensorial equivalent of

the binomial theorem) as follows:

(4.25)
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and

LGN () (%.26)
We adopt the convention that p below a summation symbol
indicates the sum over all possible unique permutations of
the indices of the tensor to its right. When Equations
4.25 and %.26 are substituted into Equation 4.22, we find
that

w v _ o 3 -
(avy= Z ¢ L \ay & (& ,3,,% ) ¢ (3\*

3,70

\_(—1\““’ - (_k\anb 1

(ag, o™ AN GEY-BTY)) (%.27)

where we indicate in the brackets the parity constraints on

the summations. The symbol p,, indicates the restricted

a and the last b indices of the tensor. It is convenient
in Equation 4.27 to change the indices of summation from

a,b to 4.k where 4=a and & :a+b with the result that
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Wy
M 3

<

v e f & ag (} ¥, (g \F

&- v,
¥t v 5,\70

Leo™ ™Y o by

wy
-v\;

USai, @ @™ ey - (Y Y L (v.28)

The tensor integral over ¥  is proportional to an iso-
tropic cartesian tensor of rank u+v-k . Because of the

complete symmetry with respect to indical interchange,

this tensor is

Jmu\-?n s (é(“"”\ﬁi- ()"‘029)
P =

= wrv -k

We define the coefficienti of proporviocnaiily between

and

(ng -3

Rowev-R

by « . By the usual methods of tensor algebra, we can

show that

o = (P ((04"57/1‘] /( PFllusrv -h41\4~5"/l) 3‘&_’.\,;:“3\ )
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faz, & () (%.30)

The remaining scaler integral of Equation 4.30 can be

evaluated by transforming v, to (n,-3») =D spherical

polar coordinates as follows:

gd _;h ;‘Luou--'k e'ﬂ:: SdAm,\—m S"\ R ;(*w\.v-k*'\“'* e—;h,l
= ) g o(aevarang-3) /) /
ELIE R (%+.31)
where {4 n signifies the angular integrations in 2
b _D spherical polar frame and is given by
| Am S Sia / @) (4.32)

Combining the results of Equations %.30 and 4.31, we can

rewrite Equation 4.28 as

4 T > (v R
(u,v)= T 7% £ £ 5 (a3 s.1 " g <)
1€

5:-0 Regre Py
™™™ = et

CR U M A A R IN OrAh R T (%.33)
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The remaining tensor integrals can be linearly expanded
in terms of appropriate tensors formed from polyads of
L:_\m and K . When this expansion is carried out and

ng -3) . -
when §‘™ ™ is written as

~
N

TR T (i 34)

-~ ~ = b}

we find that for the important cases in which u and v

range from one to three

1) = 2447 €% (%.35)

) AA A A
raytzy 5 R UK r2<qt7 kR (%.36)
P&._5 ~
(é,;_\=<-31"% (Qg"z—:g“‘a\,w.—ua\,
2,2 ~ ~
X ($3}
+<\kli y 2 % U ‘2 ()+.37)
Pia = b
("\A,lw/\

(3.3y= (¢9°7/72) L2 % )W - &

3!3

e
2 -

Y
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(2,1)= <47 § K o+ 4yt LQ_,Q\ K+ <243-yo wK W (%+.%0)

(na) A (Na 2y 2,0y 2y
(1-‘}‘\:(<%7\L% (‘-!:%W‘K-J.&.‘\ \:"}:« K_‘}:. K)

1 23 4
ta,nyy D N @y ()
+ A o) k- ww bl v)+r £ o ufer
Y E0Y ~ ~
13
oy 3 wa) . QA ~
-3 Rae ] + <ury [ Rk ~ W KK«
- (ng) A IS A NN AA A
+ L (KRS Ro- kKR L) KD) -4 wex xR}
o = t
1,3

v 2 4y°y RRERR (4.41)
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(utv) 5 oy U\A,z\_\ QN
=2 L . ( N S “ K
32 =
(M) A A \Lz\
AW S GV g - XK \;; 2
3.2 - x
N (S%Y ~ ~ A
(4™ gaf + U RER) s RRRRR)
» ) (§))
: tna,2) (2,74 o ~
Y.%(_\,_\ Koy \g—‘l;z“K‘)
3 v
~ Ly - 1 . -
K U K - 2 s ul K K & l + (b} > L s
= e B3 P
32 2
2
@y L ~ a (otz ;\ 2y
K ) -6 www 3% l + e %. -,‘). .
31~
R o Ao [C 3 N
Foaytzy okl WK
"2 ~
(’15.{.3) - -;51
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Y= 3, (4.4l )
2= el R (4.145)
JUe e (T (4.46)
and
;:L;...am\ = 2 (§ta,-2 L9 L ey 1)
(4§ ta, -2 \gm + § Ca,, = my) ,S;m \. (4.47)

In Equation 4.47 £, means a sum over all permutations of
only right hand indices of the constituent second rank
tensors U and g““‘. In Equations %.35-4.42 we have

grouped together terms with equal numbers of distinct

2. permutations.
pU.,‘V

The tensor (3,1) 1is the same form as (1 ,32) ex-
cept that g. replaces § everywhere. From

4 13,3

the moments equations of Chapter 3, we can see that the
tho1y 0 1Y, (2,1) and  (2,3) integrals are
necessary for the calculation of thermal conductivity

(field on and field off), binary diffusion coefficient



92

and thermal diffusion coefficient and the (2.,2) 1integral
is necessary for the calculation of viscosity. The de-
velopment of an expression for (u,v) of Bquation %.33
still leaves the problem of deriving a specific formula
for the generalized cross section for a nonspherical soft
potential. We return to this problem after first de-~

scribing a convenient form for (w v)_ = .

Reduction of the (u,v) Tensors in the
Case of Rigid Ovaloids
The division of R “x 1 of Equation 4.22, which was
adopted in order to perform outright the integrations over
momentum variables of which § is independent, is need-
lessly awlkward in the case of rigid ovaloids. For rigid
ovaloids .= §., (& is independent of ¥, so

that a more judicious division of R ©. % 1is given by
RO, W =40\, + 38 (4.48)

If the division of Equation 4.48 is applied to Equation

4+.21, we can show that

- AL’ - (4R
STy w WY S T ey *
(ur),, = fen (RY T oL, w, R PR

Len® = (0T Jent=z 2]
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Py (+.49)
where the additional factors % p'%) originate from the
integration over ¥ . The expression of Equation 4.49 dif-
fers from that of Hoffman (35) because the collision in-
tegrals to which they pertain differ by one being the time

reversal of the other, i.e. we can write Hoffman's *

(g
in terms of (u v)_ as follows:
(uv) = Ty, = —%a\o ATy
W v N (sl
s L s él pedy @y 3 R+ (4.50)
=4 T weven

It is convenient for purpcses of checking with other work
to complete the reduction of the temsor in the “w V'

form.

The projection operators can be applied more easily

(ng = 1)

if the tensors $ contained in

~

to "\\A )

lV\a-L\ (ngy

are expanded in terms of § and (<.

(Na-1)

Accordingly we expand  J. (X% uev-n) into



okt

Y oy
(na-1y ~ AP
a\z ) &.o s'“zp (k) '—ii-lm (4.51)
where 5, = 1) plmey) 2" T2 . When Equation 4.51 is

inserted into Equation 4.50, we derive after rearrangement

of the sums

" " - ("1&"1\ wew VY “ <y na)
LUy = A Ry Tl en s L £ o\
(&, Yo LK) W ¢ W0 =0 Py © 2 wavevy
v : >
. 2 PN b S B. wer-
@7 LR L% Sppm B B
(GAY DY/ (0 b (- (be Y (%+.52)

where 8; 1is zero when ; 1s even and unity when § 1is

odd and where

- - ((uev -5=43/2)
x, . = (e+gy p (P a

b&, L

(%.53)

The bracketed quantity in Equation 4.52 can be evaluated
separately for a whole series of b’ and 3/ for even or
odd rank collision integrals. Thus we have derived an
expression of only slightly greater complexity than Equa-
tion 4.50 and one to which it is much easier to apply
projections. We could not proceed to list the " (un'

quantities needed in the rigid ovaloid calculations.
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Instead we show below how they can easily be derived as

rigid limits of more general expressions.

Further Reduction of the (u,v) Tensors in the
General Potential Using the Kihara Model

Kihara (34) has introduced a molecular interaction po-
tential which assumes that the molecules consist of impen-
etrable hard cores which interact via a potential which is
a function of the shortest distance between the cores. This
model leads to molecular forcesvwhich are directed along the
vector connecting the points of closest approach of the
cores and to torques which can be thought of as arising
from application of the force on a given molecule at the
closest approach point on its core. Thus the direction
of the forces and the "lever arms" for the torques are in-
dependent of the magnitude of the separation and instead
depend only on the orientations of the molecules and a unit

vector along the distance of closest approach. Two obvious

o~ v

1 . .
examples of this meodel are gprherical,

rigid ovaloids.

[Ral)

If we define the generalized force by “%*/at = ,

then averaging over the collision time leads to the average
force <% »=%F _ where F is a constant of the motion.
Thus the average generalized force is directed along K .

For rigid ovaloids and for soft, spherical molecules, the
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| generalized force at the apse point is directed along the
apse vector. In the first case this results from the fact
that the collision is instantaneous, and in the second case
from the fact that the collision trajectory is symmetric
about the apse vector. This is not generally true for all
interaction potentials.

Our object now is to reduce the expressions of Equa-
tion 4.43 to the same functional form as for stherical po-
tentials (i.e., to reduce the collision integrals to a
linear combination of the so-called n* integrals (%6)).
These are dimensionless, two-fold integrals which are
relatively easy to compute for any central potential and
which have been extensively tabulated for the Lennard-
Jones medel (L6, 48). To obtain this reduction we make
two assumptions. We first assume that the apse vector
(i.e. the unit vector along the average generalized force)
is along the generalized force at the apse point. It fol-
lows from our previous discussion of the Kihara model that
in this approximation X is solely a function of &, and the
BEulerian angle sets «,  and «,. Finally we assume a gen-

eralized cross section of the form

- . - o« ,%1,‘1.\\
YR,8,, 30y = 0 | i s g, 0s
-x-a.l) /0’1

(L. 54)
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where §;, is the spherical differential cross section

for a potential with zero interaction energy at the separa-
tion distance, © . The differential area 54%, is that
swept out by molecule 2 for a differential'solid angle
change diQ_at zero interaction energy holding the Eulerian
angles %, and « fixed. This form for |} reduces to the
exacf expression for the cross section for rigid ovaloids
and for soft spherical potentizgls in the appropriate limits.
Physically, the assumed momentum dependence is that for a
spherical potential but with a sphere radius and a sphere
center which vary as a function of k, and the Eulerian éngle
sets %, and «, . It should be emphasized that although

boo is the spherical cross section, Equation L.5% is not
2 srherical approximation since, in general, k.% K .

The functional form of the generalized cross section
of Equation 4.54 is the same as that of Equation 4%.33 and
hence leads to the (uv¥) integrals of Equafions 4. 35-
4,42. When Equation 4.54% is substituted into Equation
4.43, the scalar integrals are of the spherical form.

Thos with integrands even in ¥ can be reduced to a linear
combination of n® integrals. Those with integrands odd
in ¥ can be expressed in terms of integrals which differ
only slightly from the Of integrals. These modified
integrals do not arise in the case of soft spheres (or any

other interaction model for which inverse collisions exist).
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The (u,v) integrals (1,1} , (1,2}  (2,1)
(2.2) and (3 3) (all of which are even in 3 ) are

given by

o nst (%.55)

x>
x>

{and
-
[

tna) (+. N4 )

N (nn,z\* _ _(l

x
x>

(¢ 3)=(§) Lot 2

(Y

TSN

~ W A N * n“ ) AAAN
% K \;:L‘ « + (6 (')_“n -2 _(\‘“ -0 ﬁ*\ \<\<\<\<1’ ()4..56)
1

A

[ . L 3 - Ma) . L% ,
)= (5) La®™ 2 ¢+ (@™ -
2,2 =
2 N XS A <1,§.\* Aa A A
: ¢y - Q rReR (4.57)
2 -~
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TR N (TR PN LA (a0 %
0 % K K é K K -~ -'q (nt -0 )
33
N (My ,2) ~ NGy N
(= (R ) R o+ x ¥ \\ #(2 (-3
033 T4 . %
Y %
(2. % * ) (3’_5\* [P PR9 4 s n(lal [T n
can®t .y Yoy n 3 VER )T
33
(1,3 % (2,3 ¥ x a0 Q0%
+ (53030 0y 307Ny +3 0T L
AETE R - LAY A A A A A A ]
-3 0 \) (?_ K\;‘.x KK K v K X LL.“Q \\
RS ~ -
1,0 % D% ; ~ A AP
+ (O 2,2 DN KR
e x
33
(1,3 4 (1,30 % REENE 11 ALY
+ ({10 -eQ +3 0 Y - RS
TS 2,2y & . " a A
- 10 + 3N ) KRRk wdp (%+.58)
(2 .1) 1is again of the same form as (i3} with

replacing p,, and where
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“ L"_&;;. )

c =M

0 ¢ \2lenm.ka \ . (%.59)

~

YR

For this general soft model, completion of the evalua-
tion of the collision integrals requires projection on the
tensors (u. V) by QQ;“\’.; , contraction of these tensors
with J and integration of the resulting scalars over x .
In Appendix D we show for even rank tensors how these
first two steps can be expeditiously carried out. From
the assumed form of § of Equation 4.5%, the integration

over k is equivalent to the usual integration over X, ,

%z, and «i o



101

CHAPTER 5. RIGID CONVEX TETRAHEDRAL MODEL AS APPLIED
TO THE SENFTLEBEN-BEENAKKER EFFECT IN GASES
COMPOSED OF CXy, MOLECULES

In References 10 and 11 the changes of the components
of the thermal conductivity tensor induced by an external,
static magnetic field were measured. In the case of the
measurement of ax, and ad, , the apparatus consisted of
two identical cylindrical cells placed between two brass
plates which,were held at the same constant temperature.

A thin steadily powered hot plate of slightly smaller
diameter than the cylinders was placed in the center of
each cylinder parallel to the end plates. One cylinder
was filled with a noble gas, which exhibits no field ef-
fect, and one cylinder was filled with the polyatomic gas
under study. The field was applied first parallel to the
axis of the cylinder and then perpendicular to it. The
quantities a3, and »d, were related to temperature

2.
383

readings in

ct
a

Lnov pla
relative to simultaneous readings in the noble gas cylinder.
In the case of the measurement of 2, , a cylinder was
mounted between a hot plate and a cold plate and was filled
with a polyatomic gas. Then the field was applied perpen-
dicular to the axis of the cylinder and the temperature

difference was measured in a direction perpendicular to
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both the axis of the cylinder and the direction of the
field. After calibration with noble gases, the measured
temperature difference was related to *,.

In Reference 12 the magnetic field's changes of the
components of the viscosity tensor were measured in the
combinations (7Ms-7)/71. and (27 -~/ M .
These measurements were made by running a gas at constant
fiow rate through a set of four identical capillaries
lined up in parallel two by two. The magnetic field is
placed across one or two of the capillaries and fhe pres-
sure drop is measured across different points of the sys-
tem. These pressure drops are related to the above com-
ponent combinations for certain field configurations.

In Reference 13 the magnetic field's changes of the
viscosity tensor components (7l/<,) and (15 /x,) were
measured. These measurements were made by applying a
magnetic field across a capillary of rectangular cross
section and relating the pressure drop across the long
side of the rectangle to these viscosity components.

0f the gases studied in References 10-13, we concen-
trate on those with tetrahedral symmetry, namely CH,, CD,
and CF,. The model that we use 1s a rigid convex body of
tetrahedral symmetry. The supporting function of such a

body labeled U is by Appendix &4 v (£D.&C .. 0. g9

-y

N

where the four unit vectors &9’ extend from the origin
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(which is taken to be the mass center) in the direction of
the vertices of an imaginary regular tetrahedron. The

simplest nontrivial supporting function of this form is

(SR

R 2 A L9 (5.1)
where A’ and B are constants.

We parameterize this model by <o‘“> , the average
cross sectional area described in Appendix A, and Rf; the
ratio of the largest I(&"\ (where &% 1is a vector
from the origin to a point on the surface of U ) to the
smallest. The average cross sectional area determines the
size of a figure. The parameter R for a body specified
by the supporting function of Equation 5.1 can be shown

to be

R= (N g ) +314)) / (87 e ) - (34N (5.2)
For a regular tetrahedron R=3. As was mentioned in
Appendix A the differential surface area of a convex

body must be positive over the entire body. The resulting
condition of convexity for a figure described by Equation
5.1 is that ®° can range from unity to 1.42. We plot the
contours of a convex tetrahedral model in Figures 5.1 and
5.2 for a typical value of &".

Now that a nmodel is specified, we are left with the
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Figure 5.1.

Upper surface contours (Z >0) formed by passing
planes through a tetrahedral model with R =
1.19 and its z-axis (origin at the geometric
center) passing through one vertex, are shown.
These planes are perpendicular to %he z-axis
and are taken at unit intervals along the z-
axis
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Figure 5.2. Here we show the lower (Z <O0) surface contours
' for a tetrahedral model (see Figure 5.1)
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task of performing the scalar collision integrals which
appear in the moments equations. These integrals are, by

Equations 4.6 and 4.20, of the form

- Y
é wryw T ? - Yt] = '_A:_Al (1_;3\) 2 go\o_tt %o\ul gdh
4 ot Q<b?- o cg,gﬁm | (5.3)
= ~ Ly
where
" 3ld, d;q,,g\
(Q\g\ro = (LA,U'\,.O / ( l 3K \\

and whesre we have rearranged the order of integration.

The integrations over the orientations of body ¢ and body
1 constitute a four-fold multiple integration (one angle
integration in each body is trivial if % is held fixed).
It would be a substantial time-saver if we could write the
integrands of Equation 5.3 as a sum of terms each of which
is a product of factors: one factor being a function of
the orientation of body 1 and the other of bedy 2 . The
result of this time-saver is that we only have to evaluate
two-fold integrals. We illustrate how this separation can
be achieved using the integrands necessary for the determi-

nation of the collision integrals used in the analysis of

the Senftleben-Beenzkker effects in spherical top molecules.
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However the method is of general utility.

The integrands investigated are 6§, Bﬁ, (s al )/ 3

(5., a1 0 , (Se0,a.)/0° apd (S, (a-a)/0 ). The

quantity D~ can be written as

D = (:L+QL:§_
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2 > n(% ) ac Ll
S_ro { a, - Q1) = rL:o . “s Gy -
D A
B3y m ((&+Q:\u+aiﬂr(ﬂ
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where we have used Equation A.16 to evaluate

-6y (5.7)

Sve « Orien-
tation integration of the expressions of Equation 5.6 leads

-gdd. %U-‘I

-

immediately to single molecule scalar integrals of the form

Y (S
S CREEN

and tensor integrals of the form

g dﬁﬂ. C=\u’.) \3(0

[£9)]
where b

represents some scalar function of the orienta-
tion angles of body .

Since it can be shown that g
. . W) A G Y .
is proportional to V (= 2 x &% ), we derive that
= = 9
. Sy Lt . Wy .
N LB

R

L

-~
\n
L ]
o

-

Orientation integration of the expression in Equation 5.7

results in the single molecule tensor integrals of the
forms
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The first of these two integrals is proportional to Lélz’

(= §-&% ) and hence we can write that

1o

iy (48} Y ) . : 2 .
(da; @__( ;e BT % By (e 66" & 6°(5.9)

The second of these integral forms can be expanded linearly

as follows:

Sy “h—‘l' [0 ¢t \(:’ V0 L RN . . .
+ 3 (| 1*(,& + L—EE::_Ji -t 23 ) (5.10)
where
&(L\ - % ( B'A(i\ _'{-_,}AL\) ; (5.11)
PLS N ("Dm_ IA\LL\\
and
8’“‘: % Xdea (_;“.MIQ\; a. peo (5.13)

with



A . -x \‘J\%L %“‘. VM (5.14)
and
6 R I %. SO\O}.L ( (é(‘n - C_c.;_\ :\lc;) \;;s (5.15)

Therefore we can write any integral in the form of a sum
of products of integrals over the orientations of a single
molecule. In practice we truncate the series of Equations
5.6 and 5.7 at ten terms. The orientation integrations are
performed numerically. |
We now show the comparison between the Senftleben-

Beenakker effect data on CX# molecules of References 10-13
and the best fits of that data. These fits are achieved

- d=la

S SA At T T
o€ ITigil evT

DYy uSin, ahedral convex model and by optimize~
ing the values of that model's parameters, R and <> .

The measurements of ax, and asa, were made at room tem-
perature and of &2, at 85°%K for CHy, and CD, and at 93K
for CF),. Therefore we fit ax, and 44, with one set of
parameters and ax, with another. We use a single set of
paraméters per species to fit all the room temperature
viscosity measurements. Different parameters are used for
viscosity and thermal conductivity. For a certain species

at a given temperature, relations between the components of

A are fixed theoretically. The same is true for i .
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Therefore we need only fit one component of each of these
tensors with a single parameter set. The properties are
all plotted as a function of a dimensionless field strength
magnitude, p , which is given by

g = (mAT\R (ﬂ%_}r.\(%\ (5.16)
where #, 1is the nuclear magneton, 9. is the rotational
g factor found from other measurements and d 1is the bond
length.

The procedure for obtaining the optimum fit is to
choose a reasonable value for <> . Then 8 of Equation
5.1 is varied to reproduce the property's characteristic
value (either its nonzero saturation (1 =e) value as in
the case of (%7t [adgx  or its maximum value as in the
case of ~(3"Ma M- MV /Me) oy . We find that if B is
held fixed while <7 1is varied, the property's character-
istic value does not change. Therefore the vaitue of <0>
can be varied to fit the remaining features: the field off
value of the property and the p value at which a character-
istic value occurs. For the properties which saturate at
high field strengths we fit the value of the field strength,
Py, , at which the property achieves half of its satura-

(1)

tion value. We indicate (3,, for **»/x, as 6, ,

(2) B
for A*:/a, as @, and for &73/7, as @)’ . For

I’l fd
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the properties which have a maximum value we fit the di-
mensionless field strength, a.... , at that meximum. We
indicate paa. for oxy/a, as p2. 4 for

_ . _ [ 4 ? 4y
(€3MM0-") /) aS  Poaxy £Or  "W/m, S Bax

and for "5/M. as B -

In Figure 5.3 we demonstrate the graphical method em-
ployed to determine the optimum value of <07 once B has
been fixed by matching the characteristic value. The
property used in this demonstration is &axr,/x, of CHM.

If we assume that experimental measurements of A, and
(23

B

value of <or=x 15 (where their ratio curves intersect).

are both equally trustworthy, then we would take a

If we assume that A, is a much more reliable measurement,

- P |

we would take <o>» =11 where 2, experimental is equal to
the calculated vaiue of a. .

In Figures 5.4-5.6 we show the results from fitting
AXyilag and Bry /A, at 300K (10) for CH4, CD4 and CF4
respectively. The parameters which were used are those

given in Table 5.1 for which the measurements of both &,

xA and ;3 are considered equally trustworthy.

1/1

and p

In Table 5.1 we also compare the experimental values for
these species of 2. , -(**/a) -(8r/2.) o @.¥
2)

and 0. with values calculated from the parameters which

it 2, and @&, egually, and those which fit i, exactly.

()

The agreement with experiment is not quite as good as that
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Table 5.1. Comparison of experimental (10) (in parentheses) and theoretical
values for Ag i?lgalories per centimete€ §econd degree,
- . (2
(AN /NQ)guts Py 9 (BN Nglgqys and Bt 7. In the top line for
each molecule R and <oy are determined by optimally fitting KO and
b%, whereas in the second line only A, is fitted
2 5 . (1) - (2)
Gas R <o>(f°) Ag¥10 -(AKI/AO)Satx103 B% -(sz/ko)satx103 P
CH, 1.0844+ 15.1021 6.59 1.8k 41.5 2.78 29.0
1.0968 11.6097 8.75 1.84% 3.2 2.78 21.8
(8.75) (L.72) (58.5) (2.75) (37.8)
Ch, 1.1187 13.7311 6.48 2,12 40.0 3.19 26.5
1.1392 10.1781 8.77 2.12 29.9 3.2 20.0
(8.77) (2.05) (55) (3.2) (35.8)
1.2902 10.5293 4.01 2.815 20.5 4, 24 14.0

(4.01) (2.18) (5%4.3) (4.3) (36.0)

LTT
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obtained for the application of the rigid ellipsoid model
to diatomic molecules (31).

In Figures 5.7-5.9 we show the results of fitting the
experimental (11) magnetic field dependence of (ar, /2,)
for CH,, CDy and CF,. The fit is about the same as for
the other components of thermal conductivity. The model
parameters used in these figures are listed in Table 5.2
and are Gerived assuming all measurements egually reliable.
Also listed in Table 5.2 are the comparisons of calculated
versus experimental data for A,, ( 23 /2a,),., and
p»  for these species.

We plot the experimental (12) and calculated field be-
havior of @75 /m.)  and (3NN o) gor CE,
and CFg in Figures 5.10-5.11 respectively. For CHy, we
plot the calculated and experimental (13) field behavior
of (MW /1) and ("5/n.) in Figure 5.12. The parameters
used in all viscosity cases are given in Table 5.3. These
parameters were found by fitting ® in the usual way and
by fitting <or to match only the €Xperimeéntal ., pecause
the calculated {3 features are not really improved by
reasonable changes in <o» . Also listed in Table 5.3 are
the experimental and calculated values for v, ,

< - (02M - Mi- MY 76 Y v

( A/{l; /ql"\Sd‘k ) B'l-; 9 9

[ «) 4
(3 mas 9 (n‘ { v‘°)qu ) B-Lv\o\‘ ) ( nS / Y\o) m™Maux a.nd

(3.9

Brex + The agreement with experiment of the (3 values is
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Figure 5.7. A plot of AA3/XO vs. P (see Equation 5.16) for CH,. The solid

line is the calculated result and the dashed line is the ex-
perimental result .
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Table 5.2. Comparison of experimeatal (11) (in parentheses) and theoretical
values of A, in calories per centimeter second degree, (>\3/>\O)max

and p3)

Gas R <o>(32) AGK10? (ry/ ModpaxX10> *’1512:1

CH, 1. 0542 31.6380 1.675 1.08 58
(2.14)2 (1.08) (74)

cD, 1.0781 28,2195 1.680 1.33 52
(2.14)% (1.30) (66)

CR, 1.1200 38,3241 0.617 1.19 46
(0.753)P (1.2) (58)

83ource: Reference 49.

bSource: Reference 50.

cct
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Figure 5.12. A plot of n)/ng, ng/n, vs. B (see Equation 5.16) for CH, .
The solid lines are the calculated results and the dashed
lines are the experimental results
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Table 5.3. Comparison of experimental (12, 13) (in
parentheses) and theoretical values of 1o

in g per centimeter second, (A”;/”O)sat

ﬁ%(3), (2ﬂé-ni'-n5/ﬂo)max, bmax7

(”’:l-/ﬂo)max’ ﬁg;))c’ (q'S/no)max’ and ﬁrflz:?c
Gas CH, CF),
R 1.0311 1.1460
<o>(R2) 13.3905 19.6721
L
1X10 1.08% 1.717
o (1.09) (1.709)
Ans
(=3)__,.x103 1.0 4.6
ng ‘sat (0.99) (4.6)
(3)
B 1.2 5.8
% (37.3) (38)
271'°7]"T]i ~
(21 3y 03 0.32 1.5
Mo max (0 %4) (1.5)
B 0.8 4
max (29.4%) (37.6)
g 3 , e
(-q—o- )maxxl (8 tg) af 7
plt) 0.58 2.75

(19) --
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Table 5.3 (Continued)

Gas CH)_‘_ CF’.[.
T]'
(- =2) 03 0.k 2.27
Mo nax™" (o.hg) --
Foix 35" P

not as godd as for thermal conductivity. This was also
observed in the case of diatomic molecules (31).

In Table 5.4 we show the results for CH, and CF, of
fitting (a2 /2 Vg , &:\ , (B8N /Mg and of)
using a fixed <o~ and varying R . We do not show any

(@3

R value to fit ¢, and >

N

for CFM because the R
value needed is so large as to be beyond the limits of
meaning for our model. We can conclude from this that a
model of much higher nonsphericity (greater R ) is nec-
essary to fit the field strengths at which the field ef-
fects occur than to fit the magnitudes of the field ef-
fects themselves.

For viscosity the crucial collision integrai determin-
ing 3 values at which changes in the transport coefficients

occur vanishes in the spherical limit ( R=L )j but this is
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Table 5.4. List of R values that fit (for fixed <o>)
experimental values of (M\o/Ng) . +s

Péz), (any/ng)g,ys and ﬁg’ , for CH, and CF,

_ 2 _ 2
RCHLF(<0> =13.461% 2°) RCF)+(<6> =19.9293 %°)

(/Mg 1.085 1.158
.(/22) 1.30 --

(813/70)gat 1.031 1.06

ﬁ.(/23) 1.236 , -

not the case for thermal conductivity. As a consequence
only the magnitudes of the field effects are extremely
sensitive to the nonsphericity (degree to which R~>1)

for the thermal conductivity; whereas both the magnitudes
and the field strength values are sensitive to the non-
sphericity in the case of viscosity. Hence the fact that
substantially smaller R values are required to fit magni-
tudes than are needed to fit field strength values is of
numerical importance in the case of viscosity but not in

the case of thermal conductivity. This accounts for the
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better agreement with experiment in the latter case.

In summary we conclude that the rigid models give com-
parable results for linear molecules and those with tetra-
hedral symmetry. In both cases agreement is less satis-

factory for viscosity than for thermal conductivity.
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CHAPTER 6. THE GENERAL SOFT POTENTIAL

The Limitations of the Rigid Ovaloid and
Soft Sphere Models

Though the rigid ovaloid model has been shown to be
capable of reproducing the major features of the magnetic
field changes of thermal conductivity and viscosity, it
cannot be used to calculate temperature dependence of these
effects. The reason is that there is no way to parcmeterize
the temperature dependence with this model since the cross
section, JoL % s 1s energy independent. A phenomenon
in which temperature depeidence is particularly important
is the thermal diffusion ratio in isotopic binary mixtures.

The thermal diffusion ratio, ' , is defined by

= (¢ 0% ) / (n*ngmg woxs D) (6.1)

Matzen et al. (31) have found that the rigid ovaloid
model gives reasonable estimates to the effects of rota-
tional degrees of freedom on x' on binary isotopic mix-
tures of CO at a single high temperature. However the
predicted &' is temperature independent. As a consequence
the important phenomenon of temperature inversion of «F
(a reversal of the direction of thermal diffusion at low
temperatures which causes the sign of « to change) is

completely missed. The attractive part of the true inter-
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action plays a central role in determining this last
property; and, of course, rigid ovaloid molecule models
suffer only repulsive collisions. A related difficulty
with the rigid ovaloid model is that the spherical part
of the collision cross section is unrealistic. As a re-
sult, if there is an important spherical contribution to
the property of interest (as in the case of thermal dif-
fusion in a binary mixture whose components have different
masses) the rigid ovaloid model is again unsatisfactory.
The soft sphere model has no collisionally active
rotational degrees of freedom and hence cannot be used to
predict magnetic field effects. Although this model pre-
dicts a temperature dependence for %, , there is no way
of indicating differences in mass distribution with it.
Thus, contrary to experiment, the soft sphere model pre-
dicts no thermal diffusion effect for a mixture composed of

components of the same totai mass but different mass dis-

£

tribution.

An attempt was made by Coover et al. (51) to correct
the deficiencies of the rigid ovaloid model calculations
of thermal diffusion ratio in a simplistic way. The method
used was to add the rigid ovaloid results for D, and Df
to the difference for these respective properties as cal-
culated using the Lennard-Jones spherical model and the

rigid sphere model. The results obtained using these
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corrections were not a satisfactory improvement. Thus it
is necessary to employ a general soft potential for this

problem.

The General Soft Model Applied to Thermal Diffusion
in Binary Isotopic Mixtures of CO

We now apply the general soft model, based on the col-
lision integral formulation of Chapter 4, to the analysis
of the temperature dependence of «' in binary isotopic CO
mixtures. The temperature span studied is from 80%K to
300% and includes the reported (15) inversion temperatures
for all mixtures under investigation. In addition we de-
compose the calculated thermal diffusion coefficients into
their additive contributions arising from the mixture com-
vonents® differences in mass, moment of imertia and load
(center of bond displacement from the center of mass). To
test the model we calculate, using the same parameters, the
thermal conductivity and diffusion coefficients over the
same temperature range. These latter transport properties
are largely determined by the spherical contribution to the
cross section. In the present work we use tne thermal con-
ductivity to fix the parameters which govern the spherical
part of the interaction. This procedure has the advantage
of widening the range of applicability of the model and at

the same time leaving oniy the nonsphericity parameters to




VSRR TVFONTOY DU RO S N PO SOl B AT ST R

133

be determined from the thermal diffusion data. Following
the Born-Oppenheimer approximation, we use the same model
parameters for all CO isotopes.

The importance of quantum effects (which might be im-
portant at the lower range of the temperature span) is not
rigorously assessed. We note, however, that the character-
istic rotational temperature of CO is 2.8% and hence the
maxXimum contr;bution to equilibrium thermodynamic prop-
erties from these effects is of the order of one percent
at 80%. Unless the effect on thermal diffusion is several
times greater, it will not be significant.

The moments equations and the equations relating their
solutions to the transport properties (thermal diffusion,
thermal conductivity and diffusion) of linear molecules are
given in Chapter 3. The collision integrals required in
the moments equations can be calculated from projections
and orientation integrations over the (u,u) expressions
of Equations %.59, 4.56 and 4.58. The integrands of these
crientation integrals depend on four interaction parameters.
These parameters can be related in a nonrigorous way to the
Kihara type model of Chapter 4 which assumes that the mole-
cules are surrounded by body fixed ellipsoidal (in this
case) cores. The potential energy of interaction is a
function of the shortest distance between cores (if the

cores overlap, a distance of analogous significance can be
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.defined). The functionality of the interaction is taken

to be the Lennard-Jones potential. When the cores are in
contact at only a point the interaction energy is zero.

The parameter which determines the value of the O' inte-
grals is (¢/&) , thé depth of the well of the Lennard-Jones
potential. The three geometric parameters, which determine
the differential surface area of the cores' excluded vol-
ume, are <ov> , the average cross sectional area of the
core,ﬁ , the ratio of the major to minor axis of the core,
and 5, , the displacement of the center of the ellipsoidal
core from its bond center (measured in units of the minor
axis). A positive value of S, means that the ellipsoid
surface is nearer to the carbon atom than to the oxygen
atom in CO. The parameters (¢/x) and <<> basically govern
the spherical part of the interaction whereas R and Sg
characterize the nonsphericity. In order to perform the
orientation integrations we must specify the dependence of
the integrands on the above parameters.

The model geometry determines the functional form of
SAQQ, the differential surface element of the volume which
is equivalent to the excluded volume formed by considering
the zero potential cores as rigid ovaloids. Therefore the
methods of Appendix A used to form S., can be used in %he

same way to form s .

In the case at hand, the supporting function of an
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ellipsoidal model, in the coordimates of the center of mass

systems of body (", is given by
‘.\(‘\.\ - a('\.\ ‘- w (1“,\ ALY \ (R<L)\ &\-X'Iz

-(:,‘+s Y (2. 29 (€.2)

where a'> is the length of minor axis, & is a unit

vector along the carbon-oxygen axis and'points from OXygen
to carbon and ¢ is the displacement of the center of the
bond from the center of mass. A positive value of ¢

and 3:’ cause displacements in the same direction. The
parameter S:h accounts for the difference in the repulsive
qualities of the oxygen and carbon ends of the molecule.

The supperting function of Equation 6.4 can be inserted

into Equation A.8 with the result that

() )
T8 _ O. 1+ (Q \ -1 A 1_ (1
o 7= (\_ lf(R‘ SY: - 1) ( tan ((R \ L\
-3 AW L
- Yan = - (RTY - 4.\‘/2\) V1

]

s
h
L ]

(%)
Nt

A

Therefore the specification of <o’ and R gives

a 39

Because of the symmetry of the ellipsoids ( he =
W (R 8) ), the only nontrivial orientation inte-

grations are over (&‘’.&%) and (&%P.8%) | The



136

integrals are therefore of the tractable two-fold variety
which can be performed directly without the expansions
required for tetrahedral shapes. |

The spherical, Lennard-Jones parameters (e¢/«) and
<67 are fixed by fitting the calculated thermal conductiv-
ity of pure 12,16, to the experimental data (52) over the
temperature range from 100°K to 300%K. Since the thermal
conductivity is a "mean free path" type transport property
it is fairly insensitive to small variations in R and S
and can independently fix (¢/&) and <97, It is found
that for a reasonable range of R and S values, the
thermal conductivity is fit within experimental error by
the parameters (¢e) = 144.3% and <o> = (1.78)2782 (see
Figure 6.1). The calculated self-diffusion coefficient,
which is also dominated by the spherical part of the inter-
action, is compared with experiment (53, 54) in Figure 6.2.
It is seen that different (¢/x) and <¢> values (primarily

those of <°> ) are required in this case. This discrepancy
in potential parameters between different transport proper-
ties is observed also for monatomic gases and hence can be
at least partially ascribed to the approximate nature of
the Lennard-Jones potential.

Boersma-Klein and deVries (15) have measured thermal
diffusion ratios of CO and N2. The device they used was an

eight tube swing separator which consists of eight enclosed
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copper tubes mounted between two copper blocks. The top
block (hot end) is kept at 303K and the bottom block (cold
end) is varied from 260°% to 80%. The top end of the first
tube is connected by a capillary to the bottom end of the
second tube and so on until the top end of the seventh tube
is connected to the bottom end of the eighth. The equality
of concentration at both ends of each capillary is main-
tained by a pump. A binary mixture of a certain concentra-
tion is entered into all the tubes at the start of the exper-
iment. Then after a steady state is reached, the concen-
tration is measured in the bottom of the first tube and in
the top of the eighth. The measured quantity, q, which is

called the separation factor is defined by

qz Lxrua-0do [iw -, (6.4)

~

where x is a mole fraction, T. is the temperature of the
cold end and T, is the temperature of the hot end. The
separation factor is related to the thermal diffusion ratio
t that

s Lo mmal add
0y e Ieilgceilhi

L 9 = -3 SH o(T dnT (6-5)

from which it follows that plotting j fnq against 2aTwiv)
with a constant T, gives «' at T, as the slope of the

graph. We concentrate on the isotopic binary mixtures of
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CO for which thermal diffusion is measured in Reference 15.

We calculate «(T) and %nq(" using the values of
(¢/%) and <v7 determined above and variable R and S, param-
eters. The values which give the best fit to the experi-
mental (15) 4~q points are R = 1.062 and S, = .0566.
There is some justification in giving more weight to low
temperature points since, by definition, Znq (T = 303%)
= 0 in all cases; however, for simplicity, we give all ex-
perimental points equal weight in our work. Other fitting
procedures could be used. For instance special weight could
reasonably be given to the equimass mixture since in this
case there is no dominant spherical contribution due to
mass differences. As a third alternative the R and S,
values could be chosen so that the inversion temperatures
are in the closest possible correspondence to the tTempera-
tures reported by Boersma-Klein and deVries (15). These
variations in the fitting procedure leave the best cﬁoice
of parameters substantially unaffected. To a degree this
indicates the uniqueness of the R and S, values. The
agreement between experiment and theory for each of the
four mixtures is shown in Figures 6.3, 6.4, 6.5 and 6.6.

It has been shown by perturbation studies (55) that
the thermal diffusion coefficient for isotopic mixtures
can be decomposed into a sum of additive contributions

arising from the differences in mass, moment of inertia
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and load between the two species of the mixture. In Fig-
ures 6.7, 6.8, 6.9 and 6.10 these separate contributions
and their sum are given for each mixture. We find in gen-
eral that the load contribution increases with 5, and 1is
very sensitive to its value. On the other hand, the moment
of inertia term increases with R . Since a small R and a
large S; value are employed in the calculations displayed

in Pigures 6.7, 6.8, 6.9 and 6.10, the load contribution dom-

inates that of the moment of inertia. As the R value is
increased the best fit of inq requires a decreasing 5,
value and hence the relative importance of the moment
inertia contribution increases. For instance at A = 1.25
and S, = -.0342 the contribution of the moment of inertia
dominates that of the load. However, the fit in this case
is much poorer (by a factor of six in the iwq error).

It is of interest in this regard that Boersma-Klein and
deVries (15) are able toempirically fit their data (usinga
dimensional analysis due to Schirdewahn et al. (56)) by
taking into account only the mass and moment of inertia
differences while ignoring the load.

The trends in the relative importance of the moment
of inertia and load differences are qualitatively similar
to what is found for rigid ovaloids. Also the R and Se
values we find are in the meaningful range for rigid

ovaloid calculations (31). However, because of its
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previously discussed failings, the rigid ovaloid model is
only useful flor qualitative calculations and hence a unique
set of R and S, values cannot be determined in this case.
The shift parameter, S5, , is positive, which is in agreement
with the fact that oxygen is more electronegative than car-
bon. The value of 5, estimated from covalent radii is
positive but much smaller than the one we report.

From Figures 6.3, 6.%, 6.5 and 6.6 it is seen that the
best agreement with experiment is for the equimass mixture
and the poorest is for 120180-12C160. The fit for the re-
maining mixtures appears to be slightly outside of the
scatter of experimental data. The lack of agreement be-

1245184 12

tween theory and experiment for 0160 may be as-

sociated with the fact that this is the only mixture for

e Ladla 2lima Ve
nas voud wic irargesSv masSsS

+
3
)

which one species {(i.e., *“C
and the largest load. As a conmsequence the behavior of

the locad contribution for this mixture is different from
the others as can be seen in Figures 6.7, 6.8, 6.9 and
6.10.

In Table 6.1 the theoretically calculated inversion
temperatures and the inversion temperatures reported by
Boersma-Klein and deVries (15) are given. The latter were
obtalned in an empirical manner from the Schirdewahn theory
While they are consistent with the data it is apparent that

a rather large latitude in the values taken for the
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experimental inversion temperatures is permissible. In
particular it is not clear from the data given in Figure
6.5 that the 12C180-12016O mixture undergoes temperature
inversion at all. Thus the application of the new theory
for performing collision integrals for a general soft po-~
tential is seen to have a wide range of application and

the results are in good agreement with experiment.

Table 6.1. Thermal diffusion inversion temperatures

T(experimental) K T(calculated )k

14C160/12Cl80

247 247
13c160,/12¢16g 185 165
124184,12,16 110 82
14416 /12,16, 173 263
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APPENDIX A. SUPPORTING FUNCTION GEOMETRY

The supporting function, h‘’ , of a body . with

outward normal X is defined as
- B 1 )

A
where ‘g extends from the origin in body t to a sur-

NEEAY

face point specified by the unit normal .k . In order
-GN R o
to obtain an expression for & in terms of ' we
define the operator %iua by
3. = 8 ) §w oy .
DLL\,\ 5—@“;‘\ + o eu) B@‘“’ (A 2)

where o and " are the spherical polar angles of
£ and 8’ and $‘° are the corresponding unit

vectors. Then

. A . Ay ~
> hﬁu\ _ (S C'—‘. \ . 2 (€A . }_“El_“ . C: [
I (33w = M SR T . (Ao3)
3 E;<n
The term <. 1ig zero becaunse the differential change of
R . . .
S is in the tangent plane. It can easily be shown that
.\ ey (%Y ~ (L\ A ;\
e = E R (&.}4)

and therefore we can write Equation A.1 as
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1§02
it
5

. kd\ y 22 (A.s)

Hence " specifies the geometry of the body.

We now construct a set of 3 unit vectors (e« e

+ 3 2 3

n?

so that they form a basis for a representation of the sym-
metry group to which the molecule under consideration be-~

longs. A supporting function of the form

W ) A A G Tw ~
R N S L SR

1 !

=) (4.6)

<
il

is a basis for the totally symmetric representation of this
group. By Equation A.5 the body generated by a supporting
function of the form of Equation A.6 will possess the same

symmetry as the molecule.

-~ - -~ A tS v PrrmAatT A X A ons <r o ~
411 Uel.mb wL wiic Su.yyv.x VLIlE <4 Wiiv viwvis v“ve QErive all e~

pression for the average cross sectional area, < o'’>
which is the average over all orientations of the projected
area of body U onto a plane perpendicular to the projec-
tion whose operation we signify by E . The unit vector in
the direction of the projection is defined as 4%  and

the plane perpendicular to a° is defined as A, .

The normal of the body t surface points whose projections
form a perimeter for the whole body's projection satisfies
the condition that & - 4 -0 ., For a body whose sup-

porting function is of the same form as Equation A.6, the

~r 7
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supporting function of its projection's perimeter is of the
same functional form except & - (%, (&5 replaces

x“.e for all 4 . We can thus show that

(O";‘?'-‘(gL{A gd'z\zu\ gdac;\ g(iuu- e‘(;\\
(L)

RO R-C(ETY)) S, (4.7)

where S.  is the arc length per unit angle of the
perimeter of the two dimensional projection of body ¢ .

The quantity 5. is given by

(A.8)

)

When the expression for S, of Equation A.8 is substi-

tuted into Equation A.7, we find that

a ST G Ay At -~ STy L ¢ 3
Lok Leye - eheee ) (A.9)

b L3
. The integral of

Y [T Ay A N
where W o= N [ acRen ey and k. =
IR/ R (R et
Equation A.9 can be numerically integrated.

nother o ro ion whionh 1ct he d o in torm £
Another cxpression which must be derived in terms of
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supporting functions is S, the ratio of the surface area
on an excluded volume for two colliding rigid ovaloids to
a unit solid angle of the normal to the surface of the
volume. To that end we first examine the quantity <
which is the equivalent of $ for body U . By taking
ratios in the 1limit of the arc lengths which are the sides
of differential parallelograms on the body ¢ surface and

on a unit sphere surface, we can write that

) v 3;:‘) x 3 g e
S - \ 2on O ) Qg:) Tg“‘ \ (AolO)
or, equivalently, that
W 3 é:“\ et
SR <N | FOO (4.11)
where I Al ;.. is the determinant of the second rank

tensor A in the subspace perpendicular to &<« . Insert-
75wy R .

ing the expression for & of Equation A.5 into Equa-

tion A4.11, we have that

V- -+ 67 g" (4.12)

where

(A.13)
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(3)

and !‘” L é . In the case in which the body

{( is described by a supporting function of the form of

Equation A.6, we find that

. Bl A~ . o CANEY N _
) Wy - (Y D < ¢ ~ N (3
R S TR LN U A S IR SN
Lhm_ ; (iz;\-'\(n\\q“’ 1 -\ i{ e 2_ (é’“ ~ Wy
Mg * ~ 2 i LE - n 3 n)
G ~ s A oy
(€g, " €m ) hy W | (A.1%)
o A~ NP ‘ Yo ~u o
where @O - 9 -(A&ESYACT and & . & NS
1 b 3 b b .

It can easily be shown that a body ¢ 1is convex if and
only if 5" is positive everywhere.
The supporting function, h , for the excluded volume

of the two colliding bodies ~ and 4 1is given by

h - k(\-\ R H(’\ . (AOlS)
. AR} N .
At the point of contact & ° and 4&‘* are antiparallel
and tne normal to the excluded veclume 2t the center of mass
of body 4 , * , is parallel to & . Then we obtain from

Equations A.12, A.13 and A.15 that

S=r(g™:a™ v gMigMag 6, (4.16)
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An advantage of the supporting function is that it

leads to an immediate expression for < of Equation A.16.
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APPENDIX B. PROOF OF BILATERAL NORMALIZATION

One proof of bilateral normalization begins with the
expression of Equation 2.27 for the specific transition

rate for collisions which is

W, (11 RIW2RI= (ath e, ) € Cyv-0) Saa-a%) (B.1)

where again the starred state is that unique precollision
state from which the unmarked state evolves by the two
particle Liouville theorem and where \{g,, '={ (}+/m,)
-®/m )1, Action by the time reversal operator on both

sides of Equation B.1l yields

W, (02 R1L2RY = (et fpy, | s ) $aat 2:.) (B.2)

whnere ithe supscript on The starred state means that The

process which connects it to the unmarked state takes place
in the presence ¢f a time reversed field and vwhere we have
used the property of wW. of Equation 2.25. The primed and

the unprimed states can be switched in Equation B.2 to give

§a-a2% ) (B.3)

where the asterisks refer to the unique postcollision state
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to which the primed state evolves in the presence of a

time reversed field. From Equation B.l we have that

W, (172" RAVLLRY = (a*y’ \ e, \ §(1-1)

S(a-2%) (B.k4)

where the primed, starred state on the precollision hem-
isphere is the unique state from which the primed state
evolves. Integration of Equations B.3 and B.4 over the

unmarked state variables gives respectively
ay fan we (1arVy 2 RY= (&% L2re) (B.5)
and

(dy gdx w, (V2RI 2RY= 4%t {Ryy|

~~
(o)}
Oh
~-

These integrals are finite because the integration over bu
is limited to a disc of radius R . The reason for this
limitation is that the collision sphere limits the area
over which a collision can be said to occur. Therefore

we can write that
gd; gdg we (r2Riz 2 R)= (ay (a2 wgtra'mizae) (B.7)

which is the expression of bilateral normalization.

4 second proof can be derived from the equation for




166

the time rate of change of ¢, along a phase trajectory
which is

Df, oYY _ ’ .
5= e faw (o faa Lwotrarivare) §oy 20
-WF(;'Q_'Q\&_'ﬁ\I\ gl(l_,l\_l R (8.8)

At equilibrium the two particle distribution function can
be written as a product of the single particle distribution
functions of the local properties. From conservation of

energy we have that

Lol Lol Led 01
€7 oy 5ty STy FT
4 - by 1 - L -

Therefore at equilibrium we can write Equation B.8 as
col wl
0= gl (1) Sd; §1<%\ gd;'sdy Lwe (L2142 RY
v tr'a'r iz 2R (B.9)

where we have used the fact that 4;“ does not change
along its phase trajectory. There are two ways for Equa-
tion B.9 to be zero: the integral over i’ and 2° could
be orthogonal to 5 (2y or that same integral could

itself be zero. The former case might be true at one

(-

temperature but at a different temperature .

€2y

would change while the integral over ¢ and 21 would not.
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Hence orthogonality can not be the case and the integral

over ¢ and 2’ must be zero i.e.
o= (a2 (a3 LW, (121ay112°r) -

W. (1°2°RY12R)Y ) (B.10)

13

which is again the statement of bilateral normalization.
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APPENDIX C. ISOTROPIC SIXTH RANK TENSORS
The isotropic sixth rank tensors which are traceless

and symmetric on their first two and last two indices are

wiN
|IC
E
+
nC
*_
=
|IC
3+
=
e
—
+
)L
nC.
1

and

&
i
W
nC
"
W

T (&) _ Lt’j_)) + &
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APPDNEIX D. CONTRACTION AND PROJECTION SCHEME
FOR (u,v) TENSORS

As a result of the operations of Chapter 4%, a typical

collision integral can be written as

‘o
& WD 1&,\ . “
\g\&" YN (_:\ \dk %@3"’ * &%

037 (uv) (D.1)

where we bring the projection operators and the isotropic
tensor £ through the integral over x so that the inte-
grand becomes a scalar by means of the operations oy ’
which we call projection, and ©3v , which we call con-
traction. TFor general potentials in the Xihara approxi-
mation, the quantity (4,x3 can be evaluated in terms of
tensors composed of § ™ , U® and X . The integrand
of Equation D.1l can then be reduced to a scalar by taking
projections and contractions on (4,uv) in that order.
This is tedious for tensors of high rank because of the
large number of permutations in (u,¥) .

For even rank tensors, considerable simplification is
achieved by reversing the order of projection and contrac-

tion. The process of contracting first can be shown on two

projection operators (P ) and ( Pmc\

R BR Xy EARANE 0 %
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as follows:

TP P Ve * (B Be) (@e2)

where as in Chapter 4 Greek indices extend from one to four
and Latin indices extend from one to three. We call the
new notation of Equation D.2 a contraction product which is
a second rank tensor in the 12-D space. There are only

16 possible contraction products between the projection
operators f., 4 Pa, , £, ~and Pw, + The key to what
we will do is that the projections can act on these con-
traction products in only a limited of unique ways. A

A +h3 T3 3 3
2d this limited number of regnltin

[
r

unique forms and their frequencies of appearance.

By examining the (u v) tensors of Chapter 4, we see
that the result of the operation of @I  wupon a tensor
composed of §™ , U™ and | can be expressed as a
product of two types of projection linkages of contraction
products: one, which we call a chain, is of the form
t

K ©, (P PP Yo, U ©a - 0n E
x mz'z <

2 : Je,1
ﬁ‘t ~ ml, Ney ml; Al *

and the other, which we call a locp, is of the form
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3

- -— Wy
k@u ( gm‘.l \ Em“l\ 9, \é Oy *"* O, (

~
-~

2ol

P )
Mg 0oy \ p"‘n.‘r\X "

where U signifies either U™ or §™ . In this

~ =~

appendix we refer to a product of loops and chains as a

combination. It can be shown that all permutations of the

J (Aa,b-) tan )

superscript indices of a o, in all W

-

I

&N appear in a given (4,¥) with the same cocefficient.
Hence we need not distinguish the superscripts of the

gi“b"" if we sum over all permutations of them when

evaluating a combination. Explicitly the &™ and u°
must be permuted throughout every position in every chain
and loop in a combination.

In order to limit the number combinations which we
must consider at one time, we concentrate on the projec-
tions upon a (4,u7) one class at a time. In this regard
a class is taken to include all tensors, regardless of their

Jooer? superscripts, which have the same number of

x §
K 's in their first uw and last v indices.

The next steps are to produce a complete set of non-
duplicate chains and loops, to investigate their symmetry
properties for counting purposes and to form unique com-
binations of chains and loops so that exaqtly all the con-
tracticn prcducts in the integral appear and so that there

are (for the class under consideration) the correct number
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of first u and last Vv projection operators projected
onto k's. Lastly we compute the appearance number of
each of these combinations. We perform these steps first
for the integrals of the kind in Equation D.1 for which
the index & is two (called " 1-2" integrals) and then for
those for which % is one (called " 1-1" integrals).

For the "1-2" integrals, unique chains may be pro-
duced by first considering all the different available
contraction products which cannot be written as transposes
of each other. We then can immediately project these con-
traction products onto two X 's and obtain the chains con-
taining one contraction product. Two identical lists of
these single contraction products can be projected upon the
same U~ according to Table D.1. In this table we list in
the fourth column the unique projections to be formed froii
A of one 1list and 8 of the other list and in the fifth
column the symmetry of each projection. To aveid duplica-
tion we project together the n'th member of the A list
with the same member and all higher numbered members of
the B list. One can see that the resulting tensors given
in column four can be projected onto two k's to form a
unique list of chains of two contraction prbducts long.
Whenever we form a tensor of more than one contraction
product, we test to see whether the integral has the con-

traction products contained therein and if not we discard
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it. The chains containing three contraction products can
be formed by breaking apart each of the tensors containing
two contraction products (labeled ¢ ) and inserting one at
a time the whole list of single contraction products

(labeled 0 ) according to the formula

é\ ®‘1 u\u] o, D 0'1 Uﬁﬂ o B = E

~ ~
~ ~ ~
— -~ Lad

The unique £ can be formed by the procedure outlined in
Table D.2. The [ tensors can be projected onto two K 's
to form the chains of contraction product length three.
The above processes can be carried out iteratively to
build up the chains to any length required. The symmetry
description, that is whether the chain has a different
transpose or not, is given automatically.

The loops canbe generated from the 1ist of chains by
replacing the K's with another g“i The only problem with
this list is that the members are not unique. The procedure
we use to remedy this situation begins with the determina-
tion of the symmetry of the loop. This symmetry is char-
acterized by the group order of the Cnv symmetry type to
which the loop written on a circle with equal spacing be-
tween its contraction products belongs. It is convenient
to assign numbers one to 16 to the possible contraction
products. The numerical codes of the contraction products

in a loop derived from a chain are designated ¢, where the
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subscript denotes the left to right order of the contrac-

tion product in the loop written from a chain. The ¢,
are expanded in a Fourier series
. -~ (fzﬂfkh\/fv\
f7 @) B¢ (D.3)

where m is the number of contraction products in the loop
and ‘=T . This expansion is suggested by the fact
that rotational symmetry means a periodic relationship

between the 5,. To find the a; , we merely take the

Fourier transform

n (T aw &)/

a;=(&) £ ¢ < (D.4)

L)

WNn A +laama S &~
WilTllL WVIITLI T 1O Qia

case that
S’_Pa-; = g;
%pu = 41
%1p = Ym/p
bapes =

v
3
W
+
3
N
hd
~
o
L ]
\n
L
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and we can write Equation D.5 as

e e (AT, ametRog)
—~ 2

. (D.6)

LS .

a; = (&)

The summation over A& in Equation D.6 can be performed first
and it is equal to zero unless 4 1is some multiple of my .
To find the rotational symmetry, the subscript of the first
nonzero ¢; is found and that is the fold of the proper

axis of rotation. When there is a o, plane of reflection,
then the transpose of the chain equivalent to the loop gen-
erates another loop (transposed loop) which is only dif-~
ferent from the first loop by a rotation. If one denotes
the transposed loop by primes and by *% the angle of ro-
tation by which a loop may be brought into coincidence with

the transposed loop (in the case that a o, exists), then

S-‘L: g.‘L~r
%1 = g‘l‘r
*M-r-: s‘m
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Son = AL

(D.7)
By Equation D.5 we can write that
N m , _(t 1‘{'(1"0\]w\
. 2 <
Q‘k - (rx\\ ;;-L g_&,r_:\(kfr-m\w\ ¢ (D°8)
where is the unit step function with discontinuity at

zero. The variable of summation in Equation D.8 can be

changed from = to &'= ks« with the result that

-\’i PR ’E { ‘”\I‘ "\ym

= ai & (D.9)

The significance of Equation D.9 is that if a o plane
exists then every nonzero a, is related to a; by a phase
angle which is the same multiple of 4 . This condition

is therefore a test. 1If there is reflectional symmetry
and rotational symmetry, the group is CnV withh order 2n.
If there is no reflectional symmetry, the group is Cn with

order n.

The list of nonunique loops may now be culled using
a procedure similar to the testing for reflectional and
rotational symmetry. If two loops are the same they can

only be out of coincidence by a rotation, by a reflection
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or by both. If they are off by a rotation then their q;

3

only differ by a phase factor multiplied by 4 . If they

's

are off by a reflection or both a rotation and a reflection
then the transposed loop of one has a;'s which differ by a
phase factor multiplied by 4 from the o, 's of the origi-
nal loop of the other. By comparison of the a; 's of one
loop with the a, 's and a; 's of the others duplicates may
be eliminated and a list of unique loops found.

The process of combining lists of loops and chains in
unique ways is straightforward because order is unimportant.
Those combinations which do not have the proper number of
the first u or the last v projection operators projected
onto «k 's for the class under consideration or do not have
exactly the contraction products appearing in the integral
are merely discarded.

The appearance number of a combination is just the
number of different ways this combinaticn can be produced
arising from the different permutations of indices of the
tensor class upon which we are projecting. For "1l-2"
integrals the process of randomly placing the available
contraction products in their proper positions in the

combination of loops and chains can be carried out in

W
~ Zb
no by 2T

[EEY

ways where b  is the number of available contraction
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products of the t«th kind and im symbolizes the summa-
tion over all bv; which refer to contraction products

which are equal to their transpose. This number represents
overcounting whenever there is symmetry in the combination.
Combinations formed by random placement but comnected by
this symmetry are not the result of projections on different
permutations of a tensor class. When we divide out the
factors which correct for overcounting from symmetry, the
appearance number of a combination for "1-2" integrals

becomes

(TrL b, ! limb\,/(f T A Touy Tlue)

where q is the number of chains which are equal to their
transpose, 5. 1s the number of 1ike chains of the ik

type, u, 1is the order of the group to which the tth loop

belongs and w; is the number of like loops of the T th

cf

ype.

There are many similarities in the formulation of the
appearance numbers for a combination in the case of a "1-1"
integral. However this must be treated as a special case
because we no longer have projection operators which are
naturally marked as to whether they are one of the first
«w or of the last v . Therefore we will artificially mark

these projection operators at appropriate imstances with
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an { if they are one of the first u and ~ if they are

one of the last v . Temporarily disregarding this artifice,
we produce the chains and the loops in the same way as be-
fore. Then we give only those contraction products which
are on the ends of chains all possible & » character noting
that this might change the symmetry of a chain. The com-
binations are then done in the same way using this expanded
list of chains.

The counting number of the way the projection oper-
ators can be randomly placed in a combination is now more
complicated. The random placement now must first £ill the
spaces of the marked ends of the chains from the pool of
available contraction products which are considered as
marked and then fill the unmarked remaining spaces from
the pool of all remaining contraction products considered
as unmarked. We derive that the random placement can be

done in

o andicd
< (4 -e)

0
~

N, \ 5
moe T Cag-en 2

e m—— b s

it

PN
Lo

ways where <& 1is the total number of . type available
contraction products considered as marked, q: is the num-

ber of { type available marked contraction products used
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to full up the ends of chains, 45 is the total number of
4 type unmarked contraction products available and <,

is the number of § type unmarked contraction products
used to fill up the ends of the chains. The factors which
adjust for overcounting from symmetry are the same as in

the "1-2" integrals.




Table D,1l.

The unique projections A ®a U™ e, R =¢ which can be formed from two
contraction products a , ¢

and the symmetry of these projections

Does A-8 ? a2 B+ 8 ? Unique Projections Symmetry
) T
(A @Y O0a § SR
//Yes Yes A on U Ton B ¢=¢
P - -
- Ate Wen <<

/,///
Yes/’
Nor— No. Ll

(4 ©n

(2I:

CRY

1
s

nF
an
A
-4
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Table D.1 (Continued)

Al T
Does A= ¢ AtR 9 0% ? Unigque Projections Symmetry
XY
A O ‘E‘ O, % g* (;T
Yes _ % Qa L.:;\LL} Oy B,;T g % (;T
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'}.\r @ L:\L'\‘l oun ‘}T Q 1.(:‘1
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Table D.2. The unique projections A ©.4Y"e.D e, W o,82¢ formed from
‘..\ €y Létu 20 B¢

2t & for any three contraction products A

d9 & 4 0
and the symmetry of these projections
Doeg c=¢' ? 0=0" 2 Unique Projections Symmetry
) u\\.} €33 .
____—Yes { Ao, Y o, 2 o, \.A ©n B £=¢
o
i
Yeo—_
\\’"“\\\ s ® \J;“ﬂ .
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te) 1
/,./Yes { é Oy L’J O Q O L"é‘ (O XN [}; E ¥ i
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